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The unsteady vortex-lattice method provides a medium-fidelity tool for calculation of low-speed
aerodynamic loads based on the potential-flow theory. It has long been favored in research on the
aeroelasticity and flight dynamics for flexible aircraft with high aspect ratios. However, the unsteady
vortex-lattice method is established in the discrete time domain which brings difficulties to modeling
aeroelastic system for stability analysis. An analytical aerodynamic sensitivity calculation scheme is
developed in this paper to formulate the aeroelastic equations of motion with UVLM aerodynamics. A
free wake model is used to simulate accurate vortex shedding and subsequent wake propagation. Using a
small perturbation method, the aerodynamic governing equations are linearized around the equilibrium
condition, where the analytical sensitivities can be derived. The surface spline interpolation algorithm is
adopted to implement the structure-aerodynamic coupling. Both aerodynamic sensitivities with respect
to structural motions and circulation strengths of vortices are obtained. In numerical studies, a time-
marching transient response analysis scheme is used to obtain the distributed aerodynamic loads and
structural deformations. Analytical sensitivity results are validated by the finite difference method. The
proposed analytical sensitivity calculation framework is demonstrated to be applicable to commonly used
beam-based flexible wing models, as well as the shell-based finite element models with higher fidelity.
The derived sensitivity formulations and related numerical implementations can build the foundation for
further studies on aeroelastic optimization and stability analysis.

© 2019 Elsevier Masson SAS. All rights reserved.

1. Introduction

in recent decades [3-8]. CFD-based methods originally focused on
static aerodynamics only, with the assumption of rigid structures.

Unsteady aerodynamics has long played a critical role in prob-
lems like aircraft design, aeroelastic stability analysis, and multi-
disciplinary optimization. In low airspeed regime particularly, sim-
ple aerodynamic approaches like strip theory are still used com-
monly at the conceptual design stage of an aircraft [1]. With
a relatively higher fidelity, unsteady aerodynamic theories based
on potential-flow theories such as the doublet-lattice method [2]
(DLM) provide reliable predictions of non-stationary aerodynam-
ics for subsonic aeroelasticity. Computational fluid dynamics (CFD)
has furnished the high-fidelity tool for aerodynamic predictions
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Aerodynamic loads were linear with a change of structural dis-
placements and angle of attack. Later on, although elastic struc-
tural models were coupled with CFD tools to predict unsteady
aerodynamics, linearization hypothesis and Reduced Order Model
(ROM) were employed to improve the computational efficiency.
However, as the unmanned aerial vehicles (UAV) especially high-
altitude long-endurance (HALE) aircraft become more and more
popular [9-14], these aerodynamic tools show their disadvantages
and may be no longer suitable for modeling accurate unsteady
aerodynamics efficiently. HALE aircraft feature wings with high
aspect-ratio, which maximizes the lift-over-drag ratio to improve
overall efficiency. They usually consist of very light, slender and
thus flexible structures, which may cause geometrically nonlinear
deformations during normal operation and overlap of the aeroe-
lastic and rigid-body frequencies. Therefore, for HALE vehicles, any
successful modeling effort requires the aerodynamic approach to
be incorporated with structures that have large nonlinear defor-
mations and multidisciplinary coupling.
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Nomenclature

a distance from the elastic axis to the mid-point of the
wing section

Ap, Ay, sparse matrix in wake circulation propagation equa-
tion

by spanwise length of aerodynamic panel k

By, By, sparse matrix in propagation equation for wake grid
points

Ck chordwise length of aerodynamic panel k

C structural damping matrix

D aerodynamic drag force

Eq{, E;  sparse matrices in formula of aerodynamic loads

F aerodynamic loads include lift and drag

G1, G, matrices in formula of aerodynamic loads

H system matrix in state-space equation

K structural stiffness matrix

L aerodynamic lift force

m number of chordwise panels

M structural mass matrix

n number of spanwise panels

n normal vectors of aerodynamic panels

Pa, Pb, P1, P2 coordinate of a single point

Apm,n  pressure on each bound panel

q velocity vector induced by a vortex segment

r vector in space

T interpolation matrix between structural nodes and
bound vortex panels

u” wake induced velocity at collocation points

U non-circulatory velocity at all collocation points

U1, Uy, Us weighted velocity matrix

W), influence matrix of bound vortex rings to all colloca-
tion points

Wy influence matrix of wake vortex rings to all collocation
points

Xs, Xs  structural displacement and velocity matrix

o angle of attack

7€ chordwise tangential vector of an aerodynamic panel

75 spanwise tangential vector of an aerodynamic panel

e air density

Iy circulation strengths of bound vortices

Iy changing rate of boundary circulation strengths

Ty circulation strengths of wake vortices

I'w changing rate of wake circulation strengths

Zp displacements of corner points in aerodynamic panels

& velocities of corner points in aerodynamic panels

Cw displacements of corner points in wake vortices

Cw velocities of corner points in wake vortices

The unsteady vortex-lattice method (UVLM) is the most ap-
propriate option for HALE vehicles, as a compromise between the
computational cost and modeling fidelity. Although the DLM of-
fers a faster way of computing unsteady aerodynamic loads, it is
a linear method restricted to small out-of-plane harmonic motions
with a flat wake. The UVLM is formulated in the time domain and
features a free wake model that can capture the impact of wake
vorticities on the distributed aerodynamic loads. Compared with
CFD-based aerodynamic tools, the UVLM is more computationally
economic and technically versatile when considering the nonlinear
deformation and multidisciplinary coupling.

The UVLM roots in the foundation of the potential-flow vortex-
lattice method (VLM), which is based on the concepts of vortex
flows and circulation of vortices. The concept of vortex lattice was
proposed and numerically simulated by Falkner in 1943 [15]. Hed-
man [16] established the classical steady VLM in 1965, dividing
the lifting surface into small elements each containing a horseshoe
vortex with its bound spanwise element along the swept quarter-
chord of the element, and locating the collocation points for the
non-penetration boundary condition at the three-quarter chord.
The downwash at each collocation point was computed through
the Biot-Savart law. Later on, the steady VLM continued to be im-
proved and widely applied in many low-speed aerodynamic related
studies [17-25]. The time-domain unsteady vortex-lattice method
(UVLM) is the extension of VLM in non-stationary situations. Katz
and Plotkin [26] gave a comprehensive description of this method.
The UVLM has been applied in situations where free-wake model-
ing is necessary because of geometric complexity, such as flapping-
wing kinematics, rotorcraft, or wind turbines. Recent papers also
showed the capability of UVLM in dealing with problems like un-
steady interference [27], computation of stability derivatives [28],
flutter suppression [29], gust response [30], induced drag predic-
tions [31], aero optimization [32], morphing vehicles [33-35], non-
linear aeroelasticity [36-38], and coupled aeroelasticity and flight
dynamics [39-42]. Although the UVLM is seen as a computation-
ally economic tool with medium fidelity, it can still be limited by
computational power for large enough problems as the number of
wake vortices keeps rising with time. To speed up the solution pro-

cess, Hall [43] transformed the UVLM equations into discrete state-
space form. Its dominant eigenvalues would define a reduced-order
model to obtain the aeroelastic stability characteristics.

To facilitate using the UVLM in aeroelastic stability analysis and
multidisciplinary optimization, aerodynamic sensitivities should be
obtained firstly. While aerodynamic sensitivities of the steady VLM
were studied several times, a sensitivity analysis of the UVLM with
a free deforming wake model in the time domain was seldom
carried out. Analytical sensitivities of the VLM were described by
Chittick [44] and Stanford [45] in the context of optimizing cou-
pled aeroelastic systems. Murthy [46] presented a semi-analytical
method based on finite difference approximations for unsteady
panel flows. The analytical sensitivities of the unsteady DLM in
the frequency domain were also studied by Kolonay [47] and Li
[48]. Stanford [49] studied the analytical sensitivity of the UVLM
for flapping-wing optimization. The optimization problem aimed at
maximizing propulsive efficiency under lift and thrust constraints.
Therefore, his work mainly focused on the time history of overall
lift and thrust sensitivities with respect to typical elastic modes of
the flapping-wing.

Previous studies have provided good insights on the theoretical
developments and practical applications of UVLM. However, there
are few studies discussing the analytical aerodynamic sensitivity
analysis with respect to both structural deformation and circula-
tion strengths of vortices. This work gives a novel approach to
obtain the analytical aerodynamic sensitivities based on the Chain
Rules, for the purpose of formulating state-space aeroelastic equa-
tions with UVLM aerodynamics. First of all, a general description
of the unsteady vortex lattice method is given, as well as the theo-
retical basis of a free wake shedding model. This is followed by de-
tailed derivations of the analytical aerodynamic sensitivities, which
emphasizes the handling technique for implicit functional rela-
tions. The section of numerical studies presents two time-domain
aeroelastic analysis cases with different modeling fidelities. Sensi-
tivity results are validated by the finite difference method, indicat-
ing that an effective analytical sensitivity calculation framework of
UVLM is developed in this work.
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2. Theoretical basis of the unsteady vortex-lattice method

The unsteady vortex-lattice method is described in the time
domain. At the given time t + 1, the non-penetration boundary
condition is satisfied at all collocation points, which can be ex-
pressed as

t+1 et +1 t+1pt+1 _ ppt+1
W, I, +W, Iy =U"".n (1)

bw * w

where I'y, and T, are column vectors consisting of circulation
strengths of bound and wake vortex panels, respectively. The ma-
trix Wy, is formed by the influence coefficients of all bound vortex
rings to all collocation points, while Wy, is the influence matrix
of wake vortex rings to the collocation points. The left hand side
of the equation is the total induced flow from the bound and wake
vortices. On the right hand side, the column vector U consists
of non-circulatory velocities, which are projected to the outward
normal direction (n) of the lifting surfaces. The non-circulatory ve-
locities include contributions of aircraft rigid-body velocity, wing
elastic vibration rate, and external air disturbance such as wind
gust, if it exists. The entries of Wy, and Wy, are derived by using
the Biot-Savart Law.

According to the Biot-Savart Law, every vortex segment of cir-
culation ' causes induced velocities for all spatial points. If the
vortex segment points from a to b, the induced velocity at an ar-
bitrary point p is obtained by

W)= gro" (7= 72) T @
T rn T2/ |r1 xry|

where

Yo =Pp —Pa

r'1=p—Pa

NR=p—>Pp

ro, 1 and r, represent vectors of ab, ap and bp, respectively. Cor-
respondingly, the influence of vortex segment ab at point p is
obtained by assuming a unit vortex circulation strength, denoted

das
1 r r ry Xr
r <_1__2>¥ 3)

= —IT0"
ab 4w 1 2 /) |ry x 1'2|2

Wp

Note that W), is a vector, which is normal to the plane created
by the point p and the vortex segment edge points a and b. This
vector indicates the three-directional velocities induced by a vortex
segment of the unit vortex circulation strength.

To calculate Wpy, the influence of the jth vortex ring (with seg-
ments ab, bc, cd and da, shown as Fig. 1) on collocation point i is
obtained by the summation of contributions of each vortex seg-

ment, as

(Wbb)“ = Wi
ij a

+ W
b

+ W
C

+ W
cd

(4)

b da

Additionally, (Wbb)” should be projected to the normal direction
1] -
of vortex panel i (with segments 1234), resulting in

(Whp)ij = (Wbb>l,j -1 (5)
where the normal vector of panel i is
24 XT3
n=——— (6)
[r24 x r13]

Both ry4 and ry3 are vectors defined by the positions of four corner
points (p1, P2, P3, P4) of vortex panel i, as

@

Fig. 1. Computation of the influence matrix between two vortex rings.

4 =Pp4—P2

ri3=p3 —p1

2.1. Aerodynamic loads

Aerodynamic forces are calculated from the unsteady Bernoulli
equation. The pressure difference across each bound vortex panel
acts along the panel’s normal vector. According to Ref. [26], the
pressure on each panel is

Fmn—Tm-1,
Apmn = /0|:(Um,n + uz‘—x,n) (Trcn,n = =

Cm,n

n T,Sn ) 'mn—Tmn-1 ) + I;m.n] (7)
’ bm.n

where U is the complete non-circulatory velocity consists of air-
craft rigid-body velocity, wing vibration, wind gust, etc. The air
density is symbolized as p. The spanwise index m and chordwise
index n are used to locate the very panel considered. by, and ¢ n
are span length and chord length, respectively. I" represents the
circulation strength of current vortex panel. u" is the wake in-
duced velocity at each control point, which can be obtained from
the influence matrix Wy, and circulation strengths of wake vor-
tices Ty, as

u” =W, Ty (8)

and 7€ and t° are the tangential vectors of the panel in the chord-
wise and spanwise directions, respectively. The normal force acting
on the panel is then

Fnn= (Apm,nbm,ncm,n) Nim.n (9)

However, due to the fact that lifting-surface methods such as the
UVLM are based on thin-wing approximation, the aerodynamic
loads derived here do not account for the leading-edge suction ef-
fect. Only the component normal to the non-circulatory velocity is
retained, i.e., the contribution of pressure to the local lift. This is
done by finding the angle of attack of the panel o, with respect
to the non-circulatory velocity, as

I'mn—Tm-1
Linn = pbm.nCom.n COS G n [(Um,n +uy ) 'T%’"w
mn(10)

I'mn—Tmn- .
m,n m,n 1+Fm,n]

+ (Ums" +“n"¥,n) ’ Tfn,n

bm,n

Similarly, according to Ref. [26], the induced drag on each panel
Dm.n can be expressed as

Dmn= p[(Wan + anqv,n)(rm,n - l_‘m—l,ﬂ)bm,n

+ l._‘m,nbm,ncm,n Sinam,n] (11)
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where w? is the (normal) downwash induced by the wing’s

streamwise vortex segments. w" is the vertical component of the
all wake induced velocity.

Both Eq. (10) and Eq. (11) can be transformed into matrix
forms. For instance, the lift formulation is then given as

L= pG(U1ET + UE,T + 1) (12)

Where E; and E, are sparse matrices filled with 1 and -1 in the
correct positions in order to account for adjacent panels; G; =
f(&, &p) is a matrix dependent on the panel geometry and local
angle of incidence; Uiy = f (&, &y, &w, Tw) are diagonal matrices
that store weighted velocities. Their exact definition can be given
as follows,

G = byci cos oy (13)
_ Upt+u)T)

U= = (14)
_ U+u)Tg

U, —p (15)

According to Eq. (8), the wake induced velocity w’ is determined
by wake circulation strengths I'y,, thus U; and U, can be rewritten
as

Ut +W¢ T
uU; =diag{TbWb} (16)
Uts+WS T

The angle of attack o is found by resolving vector Uy along the
chord (tangent) and outward normal of panel k and then using an
arctangent function

—Uy -, -uy
ozk=tan_1(kick) =tan | —K (18)
Uy -7 Uy
Similarly, the drag is written as
D = p (UsE Ty + G2Tp) (19)

where G; is a matrix dependent on the panel geometry and an-
gle of incidence, similar to Gy. U3z is a diagonal matrix that stores
weighted velocities in all bound vortex panels, similar to U; and
U,. They are denoted as

G, = bi.cy sin oy (20)

Us = (Wb—I—WW)kbk (21)

The downwash components are calculated using similar influ-
ence matrices, as

Collocation
<./ point

,FVorlex ring

Fig. 2. Boundary vortex rings on the lifting surface and the free wake model.

w2 + WY = Wy Ty + Wpyy Ty (22)

where Wy, is obtained in a similar way as Wy, yet it should only
account for the streamwise vortex segments plus the trailing edge
of the surface. It is also projected along the normal of each panel.

2.2. Free wake model

A free wake model is necessary for accurate unsteady aerody-
namics and is implemented in the current study. At each time step,
one row of new vortex rings shed from the wing trailing edge (as
shown in Fig. 2), with the circulation strength equivalent to the
original bound vorticity at the trailing edge. At the same time, the
existing wake rings convect according to the local velocity field,
preserving their circulation strengths. Therefore, the wake circu-
lation propagates in the discrete time domain according to the
following equation

i =Ar, + AT, (23)

which gives the wake circulation T'y, in Eq. (1) according to the
previous time solution. Ay and A,, are both sparse matrices, given
as

0 --- 0 --- 1
A,=10 0 0 (24)
0o --- 0 --- 0

and each block of Ay is either a zero or an identity matrix with a
dimension of m. While the dimension of I is fixed, the total di-
mension of Ay} is same as I'y,. Therefore, the row number of A
changes with time and equals to the total number of wake vor-
tices. A, represents the shedding mechanism of bound vorticities
at the trailing edge of the wing. The second propagation matrix for
wake circulations is formed in a similar way, which is given as

00 00
10 - 00

A, —|0 1 00 (25)
00 - 10

each block of A, is still a (m x m) matrix. A,, represents the po-
sition changing of the previous wake vorticities in one time step.
The newly formed wake includes a row of grids located at the
trailing edge of bound vortex panels and all existing wake grids.
The velocity vector of all wake grid points v,, is determined by

Vi, =W, T + W, T, +vg (26)
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which is analogous to the non-penetration boundary condition.
However, the velocities in this case are not projected along any
vector, with all three components retained. W,,, and Wy, are
bound-to-wake and wake-to-wake influence matrices, respectively.
vy represents contribution from external disturbance.

Meanwhile, the locations of all the previous wake grid points at
the new time step ¢5+! is calculated by

e =l 4+ v At (27)

which indicates the previous wake grids moving with their local
velocities vy, in one time step At.

As a result, the coordinates of all wake grid points at the new
time step are written as
t+1 Bb§t+1 +Bt f+] (28)

w

Note that ¢, is evaluated at the new time step, which is updated
by the elastic solver. If vy, is set as zero, the wake model is then
reduced to a prescribed one, which also eliminates Eq. (26). Similar
to the circulation propagation matrices, the propagation matrices
for panel points, B, and B,,, are both sparse matrices, given as

0 ... 0 --- 1 o 0 0 0
: . I 0 00
B,=|0 0 0|, By = 01 00
0 0 0 0 0 I 0

(29)

B, extracts the coordinates of bound corner points at the trailing
edge of the wing, which forms the new first row of wake grid
points. By, adjusts the previous wake grid points to new locations
in matrix ¢y. The dimensions of both B, and B, increase with
time, as new wake panels are generated at each time step.

3. Analytical sensitivity analysis framework

The typical aeroelastic equation of motion can be written as

X X X Fy
M{y;+Ciy;+Kiy;=1F (30)
z z z F,

Where M, K, C are the structural mass, damping and stiffness
matrix, respectively. Matrix F represents the aerodynamic loads in-
cluding lift L and drag D. Vectors X, y and z are global coordinates
of structural nodes. For simplicity, only lift is considered in the fol-
lowing derivation for aerodynamic sensitivity.

Perform a small perturbation on the aeroelastic equation of mo-
tion Eq. (30), it yields to

Xo + AX Xo + AX Xp + AX
M1 ¥o+ Ay ¢ +CVo+ Ay ¢ +K{yo+ Ay
Zo+ AZ Zp+ Az 20+ Az

Lo + de ALy + "LX A{b + aLX ATy + AT, + "L* ATy

=1 Lyo+ 52 A% + dLyAgb + SR ATy + - ATy + ﬁArb

Lo + 55 A% + BLZA;b + 5 ATy + aLl ATy + 3” = AT,
(31)

Cross all terms with zero subscript out in Eq. (3
aeroelastic equation of motion becomes

1), the perturbed

Structural ~ Boudary Colocation
deformation vortices points AOA

> n
é}é’s —> ¢, ¢, P 'Irjc‘rs — a« GG,

Aerodynamic
r, pyut.u, L D fjgads
T A
r,r,

Fig. 3. The relations between aerodynamic loads and structural deformation vari-
ables.

INY AX Ax
M{ajt+clayl+k!ay
AZ AZ Az
TE AL + G AL+ JEEAT, + (,Lx ATy + 2= AT,
=1 g+ iﬂA;}, + ATy + it ATy + "Ly L AT
L, aLZ © oL L, aLz
B Ay + B2 AGy + AT, + HE ATy + H2AT,

(32)

It is noticed that the motions of aerodynamic corner points (¢p
and ¢p) are mapped from structural motions (X, y, z and X, y, Z).
Thus all terms of ¢, and ¢, can be transferred to the left side of
Eq. (32) and merged into structural motions. Therefore the per-
turbed aeroelastic equation of motion can be denoted as

B AX AX AX
m{ay!+cday!+ik]ay
AZ Az Az
LN VLN AL (33)
Tar, e, M T ar, P

As stated in Ref. [42], the linearization of the nonlinear aerody-
namic model should be implemented to simplify the procedure of
incorporating the UVLM with aeroelastic equations. The lineariza-
tion is based on the assumption that the structural deformation
around the equilibrium condition is small. Therefore, in calcula-
tions of the wing-to-wing, wake-to-wing influence matrices Wy,
and Wyp,,, both structural geometry and wake geometry are seen
frozen as the reference condition. That is, the dependencies on ¢
and ¢, is ignored for Wy, and Wy,, in Eq. (1).

However, the orientation and magnitude of aerodynamic loads
are still dependent on ¢, and Z,. The deformed lifting surface de-
termines the local angle of incidence and local velocity at the col-
location point. Then matrices Gy(2), U1(2)(3) are affected by ¢, and
¢p based on the functional relations described in Eq. (13)~(21). Ma-
trices Gi2), U1(2)(3) finally determine the aerodynamic loads based
on Eq. (12). As a result, the analytical sensitivities of aerodynamic
loads with respect to ¢, and ¢, are emphasized in the following
sections, and once they are obtained, Eq. (32) can be transfered to
Eq. (33) to establish the linearized aeroelastic equation of motion
around the equilibrium condition.

Fig. 3 shows the detailed variable relations in the derivation of
UVLM aerodynamics. The linearization neglects the impacts of ¢,
and ¢, on the influence matrices.

Using a mid-point integration scheme for the derivatives of the
bound circulations, and performing a small perturbation analysis
on the general UVLM equations, the incremental propagation equa-
tions are obtained as
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au U o
W), AT + W) AT = (a—g)"Agg“ + (@)OM;H

AT = ADATE + A%, ATY, (34)
AT — AT

_ 1w it
AT = 2(Al'b + AT})
where At is the time step increment, and the superscript 0 rep-
resents the reference condition where the linearization take place.
Combine the perturbed aeroelastic equation Eq. (33) with the in-
cremental propagation equations Eq. (34), the discrete-time-state-
space aeroelastic equation can be finally obtained,

Xg ! Xt
Xg-‘r] X?
ptr=| H | 1T} (35)
i Iy
- .
| VA I
where
Xs={xy.z2}], =T-Xs, =T-X

X; and X, are matrices of structural displacement and velocity,
respectively. T is the transfer matrix from structural grids to aero-
dynamic grids. H is the system matrix which includes several un-
known sensitivity terms. These terms are 3, 3% ATy ATy and
% Once these sensitivity terms are calculated, the aeroelastic
equation in a state-space form and its system matrix H can be
easily obtained.

By using the chain rule, the analytical aerodynamic lift sensitiv-

ities can be derived based on the relations described in Fig. 3, as
oL dL 9Gq n dL  9U;q n dL  9oU,
ap  9Gy dg  dUr g Uz 3k
dL dL  0Gq JdL 90U JdL 90U,

3y, 9G1 0ag U1 o, 9Uz 3%
oL
—— = pG1(UE1 + UzEy) (36)
aTy
oL _ JdL  dUq + JdL  9dUp
ary, dU; ar, dUy Ty,
oL — G
ar,
In Eq. (36), sensitivity terms % and % represent the im-

pact of structural motions on the aerodynamic loads distributed on
bound vortex panels. Sensitivity terms 3T TS and o, represent
the impact of both bound and wake vorticities on the distributed
aerodynamic loads. It is straightforward to compute terms like %

L and % base on Eq. (12). However, terms like 261, 261 apd

Uy ERN 3
% are not so easy to obtain, as ¢, ¢, are contained implicitly in

vectors n and 7, or the angle of attack «. The relations of variables
includingl Zp, ¢y, Tp and T, are described in Fig. 3.
Take gf_cllx for example,

0Gi _ 3G dcosa da e

n
C

9c1x  dcosa Ao gUl Aoy

U
— bycy(—sinay) (%) (37)
1+ (7e)?
(ag— 1% ot an, a7 8nz)
0Ty 01x ony 01x ong 9¢1x

where U¢ and U" are tangential and normal velocity of the col-
location point, respectively. The chordwise tangential vector t¢ =
(11, T2, T3) and normal vector m = (n,ny,n3) at the collocation
point can be calculated approximately using the displacements of
four corner points in a panel (¢1, ¢2, 3, ¢4), as Eq. (38) and Eq. (39)
show:

‘C’ — p—
T = x2 _ $3x + Sax 5 C1x §2x/ /sz_'__[;_'_rzz

L T

T + - -
Ty = y _ Syt oy 5 S1y — by /TR + T+ T

T2+ 1)+ 17

T + 84z — G12 — [2, 2.,
T3 = z =§32 5422512 Qz/ T)(Z—"_TJ%—"_TZZ

T2+ 1) 4 17

:

(38)

n =

i3

ng +nj +n?
_ (Cay — L2y)(£32 — C12) — 83y — C1y) (Caz — $22)

nZ +n? + n?

y
ny =
ng +n? + n?
_ (&3x — §1x) (Caz — $22) — (Gax — $2x) (832 — $12)

ng +nj +n?

(39)

ngz
n3 =

ng +nj +n?
_ (§4x - CZx)(Qy - ;ly) - (§3x - flx)(Qy - §2y)

J/n# +n3 +n?

Thus, every partial derivative term in g{% of Eq. (37) can be
derived as

Bun (Uxﬂ]+Uyﬂ2+Uzn3) 3 1 Uc
TUc Uy U Uz U<
ue _ T1+Uy2+U;73 =Un._UC' (40)
0Ty 0Ty aUc 01y
1 071 0Ty T3
=-U" —— | Uy—+U,—= +U,—
(U°)2 ( X1y + Yoty + Zarx>
n 1 2 2
=-U". W . [Ux(fy +1,) —Uytety — Uz‘L'x‘L'z]
3
(i T2
9 ( Bxtlax—lix—lox
0Ty _ 2 _ 1 (41)
8flx B 8f]x B 2
un (Uxﬂ]+Uyﬂ2+Uzn3)
BW _ UX‘[1+Uy‘[2+UZ‘[3 (42)
ony ony
1 any any ons
uc < *ony * Yon, + Zany)
1 2 2
= o [Uy(nx +n3) — Uxngny — Uznynz]
3
(g +n}+n3)2
an
Y= Caz — {27 (43)

aglx
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yn 3 Uxni+Uynp+Uzns
9 ge Uxt1+Uy12+U;73
= (44)
an, ong

_ 1 Uam—i-U 8n2+U8n3
“uc\Yon, Y an, Zan,

1
=g [Uz(n,z( +13) — Uxitgn — Uynynz]

3
-(nf +n% +n2)"2

ang
a;lx

Substituting Eq. (40)-(45) into Eq. (37), the analyticallsensitivity
term % is obtained. With the same method applied, %%‘ can be
derived similarly after substituting Eq. (47)~(48) into Eq. (46),

:§2y _§4y (45)

0Gq _ 0Gq Jcose «o

dpx  dcosa  da Ul

(ag—ﬁ U™ QU

U™ Uy 3Ly, OUS 3Ux 34

n
= bycy, (— sin (tan’] U—C>) ;U"
U 1+ (7e)?

I au
B2 (46)
Uy 3y
85—2 ~ m(mUx+ Uy + 13U7) — ti(mUx +n2Uy +n3U5)
Uy Ue)?
mUuc—nu"
_F =Yy (47)
(U°©)?
aUu 1
—=—-[1 11 1] (48)
08y 4
Other terms like al;% and % can not be obtained straightly

through chain rules, either. For panel k, its non-circulatory velocity
Uy is decided by £, of corner points, while its tangential vectors T¢
and 7° are decided by ¢, of the corner points, as shown in Eq. (14),
Eq. (15) and Fig. 3. However, one may follow the procedures of

computing % and % to finally obtain the sensitivity terms.
U _ Ui Uty 9Ug (49)
0px aUkTE Uy 08hx
_ 1 3(Uxt1 +Uy2 + U,13) 93U
B a aUx . 8é‘bx
= 4Lckfl [1 11 1]
Uy _ U AU+ uNT 9Ty (50)
Ay AUk +w))T) DTy by
1 0(Uxt1 +UyTo + U T3 + Uy T1 +uy T2 +uy'13)
Ck 0Ty
0Ty
. 9&px
_ Cl_k [(Ux +u) (T2 +12) — Uy +u) Ty

—(Uz +uy) 1]

2 2 2,3 1 1 1
(T T TI[-5 -3 3

N =
—

oL oL Uy dL 09U,

B _ % %1 % 92 (51)
oTw oU; oy Uy oIy

= PGIE1T) - % 4 PGIE,Ty - %
AUl au WS T W, 52
oT,  9WS T, o, o
Ay aU, a5, Tw W, 52
0T, _ 0WS T, ol by

4. Numerical examples

As mentioned in the literature review, the beam-based model-
ing for flexible aircraft has been quite popular in previous stud-
ies. 3D beam elements can efficiently describe plunge and pitch
movements, and both plunge and pitch movements are essential
in the studies on aeroelasticity and flight dynamics. Meanwhile
the FEM model of an aircraft can be constructed conveniently due
to the simplicity of beam elements. On the other hand, the FEM
model based on shell elements is recognized as a high fidelity tool
to simulate structures that are not slender as beam elements. In
this paper, both beam-based and shell-based wing models with a
high aspect ratio are studied. The aeroelastic response under UVLM
aerodynamic loads is obtained by applying a time-marching tran-
sient analysis scheme, which is illustrated in Fig. 4. With the vortex
shedding, structural deformation and the distribution of aerody-
namic forces can be observed. Thus the aerodynamic sensitivities
are computed after the UVLM model is linearized around a steady
state. Finally, the sensitivity results obtained by the proposed ana-
lytical solution are validated by the finite difference method.

4.1. Euler-Bernoulli beam-based flexible wing

Consider a slender isotropic beam whose geometric and phys-
ical properties are listed in Table 1. This beam-based wing model
is also studied in Ref. [50] to explore the modeling technique for
very flexible aircraft. The full wing structure is discretized into
eight Euler-Bernoulli beam elements, in which each node has five
degree-of-freedoms including z directional translation and rota-
tion, x directional translation and rotation, y directional rotation.
The lifting surface of UVLM is meshed to have eight bound vor-
tex panels spanwise and three vortex panels chordwise, respec-
tively. The time-marching aeroelastic analysis is conducted based
on Newmark-g8 algorithm after coupling structure FEM and UVLM.

The unsteady vortex lattice method is firstly verified with lift
coefficients. Fig. 5 compares the life coefficients within a range of
angles of attack. It implies that lift coefficients of larger aspect ra-
tios are closer to the theoretical value 2w ¢ of a wing with infinite
aspect ratio. Moreover, the lift coefficient results of this beam-
based wing are verified by other aerodynamic routines, including
software AVL based on extended VLM and the Lifting Line Theory
(LLT). It is obvious that coefficients from these three methods have
little relative errors, as shown in Fig. 5.

The transient response analysis of the beam-based flexible wing
model is also verified. The wingtip deformation under a nodal
sinusoidal vertical force is presented in Fig. 6. It can be easily ob-
served that the wingtip response shows a good correspondence
with results obtained by MSC. Nastran.

After a beam spline interpolation algorithm is applied to cou-
ple the FEM and UVLM aerodynamics, the time-domain aeroelastic
analysis is implemented. With the initial angle of attack set to be
10°, Fig. 7 shows the structural motion and wake propagation of
the flexible wing in a 30 m/s freestream. The time increments used
are both At =0.002 s in structure and UVLM simulation.

Consider the aeroelastic state at t = 1.0 s as an equilibrium con-
dition, analytical aerodynamic sensitivities can be acquired based
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= . . F» UVLM [—b
1=t deformation vortex rings structural nodes response
T T
. N
+
v Frmr s s r s s s s s
|
] e e e e e e e e e e e e e e
1 r
Y v
Structural Positions of Aero loads on Structural nodal
= . . F» UVLM [
1=t deformation vortex rings u structural nodes response @

Fig. 4. Time-marching transient response analysis for an aeroelastic system with UVLM aerodynamics.

Table 1
Properties of the isotropic beam-based flexible wing model.
Properties Value Unit
Mass per span (m) 0.10 kg/m
Span (b) 1.00 m
Rotational moment of inertia (Ixx) 1.30 x 10~ kg-m
Flat bending moment of inertia (Iyy) 5.00 x 1076 kg-m
Edge bending moment of inertia (I,;) 1.25x 10~ kg-m
Extensional rigidity (K = EA) 1.00 x 108 N
Torsional rigidity (K22 =GJ) 80.0 N-m?
Flat bending rigidity (K33 = Ely) 50.0 N-m?
Edge bending rigidity (K44 = EI) 1.25 x 10° N-m?
5 T T T
— o AR=4
= ~
4l — o AR=6.67 -
— o—- AR=6.67(by AVL) -
2 7
— 57— - AR=6.67(by LLT) P
3L AR=10 - =]
= - A
.8 AR=20 - oz
2 = Z =
g AR=50 P _F
S 2 L 2 5 il
3] P A
& p _~
— —
_ -
1 b e i
e
—
)
P
0 & . . .
0 10 20 30 40
Angle of attack

Fig. 5. Lift coefficients with change of wing aspect ratio.

on the derivations with chain rules. For the aeroelastic system
whose FEM is established with beam elements, motions of chord-
wise vortex panels are interpolated from the deformation of cor-
responding beam elements. For vortex panels of a certain row, the
angles of attack « are all same as the pitch angle of the beam el-
ement. Thus matrix G; in Eq. (12) is easy to obtain. In addition,
normal and tangent vectors of bound panels have linear relations
with the nodal DOFs of beam elements, which makes U;, Uy and
their derivatives 2% and 2% available for Eq. (36). Therefore, it is

9%y 9
quite straightforward to imglement the analytical sensitivity anal-
ysis in this sample case.

Here the lift sensitivity with respect to circulation strengths
of bound vortex panels T}, is presented. In Fig. 8, every colorbar
with index (i, j) indicates the impact of the change of circulation
strength in jth bound vortex panel on the aerodynamic lift applied
in ith bound vortex panel. As can be observed, there are two main

0.3
= Newmark-3
- 015 — = MSC.Nastran
B
0
g 0
E
=
~ -0.15
a
=1
8
£
0
g
B4
]
N
-

Time, s

Fig. 6. Wingtip response of the beam-based flexible wing under sinusoidal loads.

Fig. 7. Boundary vortices and wake propagation of the beam-based flexible wing at
t=0.1s, At =0.002 s.

diagonal lines with larger values. Positive values aligned along the
main diagonal line represent the decisive influence that each vor-
tex panel performs on its own distributed aerodynamic lift. Simi-
larly, there are elements with large negative values aligned along
the second diagonal line, indicating that vortex panels can also sig-
nificantly affect the aerodynamic loads applied on their chordwise
adjacent panels.

This numerical study shows good compatibility of the proposed
analytical sensitivity analysis framework with the beam-based FEM
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Fig. 8. Lift sensitivity with respect to circulation strengths of bound vortices in
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Fig. 9. Boundary vortices and wake propagation of the shell-based wing model at
t=>5s, At=0.01s.

model, which has been widely used for modeling flexible aircraft.
Detailed sensitivity results discussions are presented in the next
numerical cases, which emphasizes more advantages of the pro-

TC
ind2 T ind1

posed scheme applied in flexible aircraft models with higher fi-
delity.

4.2. High Aspect-ratio FEM wing model with shell elements

In this simulation, a high aspect-ratio rectangular wing with a
32 m span and a 1 m chord is placed in the 30 m/s freestream
with an angle of attack 5°. The wing is established with shell ele-
ments in MSC. Nastran then coupled with UVLM code for time do-
main aeroelastic analysis. Each wing member is discretized into 20
elements in the spanwise direction and 2 elements in the chord-
wise direction. The lifting surface shares the same mesh scheme
with structure. The detailed numbering scheme of the boundary
and wake vortices is illustrated in Fig. 10. The right wing member
includes the first 40 boundary panels and 63 corner points, with
the index number increasing from wing root to tip. The number-
ing scheme of the left wing member is symmetrical to the right
member.

By using the same time-marching technique described in Fig. 4,
aeroelastic response of the shell-based FEM wing can be obtained.
With the time increment At = 0.01 s, the vortex shedding and
free wake model at the end of 5 s are illustrated in Fig. 9. As those
wake vortices far away from bound vortex panels only cause mi-
nor influence on aerodynamic loads, the wake model is limited
to have a maximum 100 rows of shedding vortices. Theoretically,
the aeroelastic sensitivities can be calculated at every specific time
step. However, only those calculated around the equilibrium con-
dition are useful for further aeroelastic stability study. Therefore,
all the following sensitivity calculations and studies are performed
at t =5 s step, which is recognized as a steady state.

4.2.1. Aerodynamic sensitivities with respect to structural motions ¢
and &

In the time-marching response analysis procedure, the motions
of aerodynamic corner points ¢, are obtained from the motions
of all structural nodes X; at every time step. The transfer ma-
trix T between ¢, and X is computed based on the thin-plate
spline scheme. For the lift, a deformed bound vortex ring causes
the changing of normal (my) and tangential vectors (7} and t})
of the panel k. This leads to the changing of angle of attack oy
and weighted velocity matrices Uy, U,. Fig. 11 and Fig. 12 il-
lustrate the aerodynamic lift sensitivities with respect to ¢, in x
and z-direction, respectively. In this case, there are 80 collocation
points and 126 aerodynamic corner points of the bound vortex

Left wing member < Right wing member >
ind3 ind4 ind4 nd3
84 65 64 1. 2 3 20) 21
(60) “41) (1) (20)
105 86 85 22 23 42)
(80) coe coe 61) 21) coe s (40)
126 107 106, 43 44 63
e L e e
i 1o{1 1 1 {203 1
P s et s s s e e s e ) i s s B i L s s e e Lol oo o
1 1 1
1 {21} 1 1 {40}
UL SRS B S IR R

Fig. 10. The numbering scheme of the boundary and wake vortices.



10 X. Hang et al. / Aerospace Science and Technology 99 (2020) 105612

100
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-100

Fig. 11. Lift sensitivity with respect to ¢py.

panels. Therefore the dimension of % at each direction should
be (80x126). Each column of the sensitivity matrix indicates the
lift variation with a specific corner point being perturbed. One can
easily get the Sensitivity matrix with respect to structural defor-
mation X after multiplying % by T.

Similarly, the velocities of corner points ¢, determine the non-
circulatory velocities at collocation points. The non-circulatory ve-
locities are demonstrated to be the main cause to change the
aerodynamic loads L and D through the weighted velocity matrices
Uy (2,3). As plotted in Fig. 13, % is also a (80 x 126) sparse matrix,
with every element in the matrix indicating the influence of each
z-directional velocity of a corner point on lift forces. A bar with
the index (i,j) indicates the derivative of lift force distributed on ith
panel with respect to the velocity of jth corner point. As can be
observed in Fig. 13, sensitivity values of 3—352'— decrease along with

the index of bound vortex panels from wingzroot to tip. Moreover,
lift sensitivities from the trailing edge of the wing (panel index 21
to 40, 61 to 80) are considerably smaller than those from lead-
ing edge of the wing (panel index 1 to 20, 41 to 60), which also
matches the general lift distribution on rectangular wings.
Sensitivity results about ¢, and ¢, are both validated by finite
difference method. For example, Fig. 14 shows the relative error

of a"’;: between analytical and FD calculation with AZ, = 0.001.

It is ozbserved that relative errors of all entries in the matrix are
smaller than 0.0015%. For further details, some of the specific en-
tries of the relative error matrices are listed in Table 2 and 3. All
the relative error entries whose value are smaller than 1 x 1076
are displayed as 0 in the tables. The maximum errors are 0.0642%
of the index (15,16) for % and 0.0053% of the index (1,1) for
%, respectively. From the results comparison and error analysis,
it is believed that the analytical aerodynamic sensitivity analysis
framework presented in this paper is accurate and effective.

4.2.2. Aerodynamic sensitivities with respect to circulation strengths of
vortices 'y, I'y and Ty,
As mentioned in previous sensitivity derivations based on chain

oL oL oL : :
rules, I Iry and 3 shown in Eq. (36) represent the impact of

circulation strengths of all vortex panels on the distributed aerody-
namic loads. Once the aerodynamic mesh of the structure is deter-
aL

mined, sensitivity terms v and % will both be square matrices

with the same dimension decided by the total number of bound
vortex panels. However, the dimension of matrix % increases
with time as the wake propagation proceed. Generaﬁy the free
wake model is limited to a certain scale to compromise with com-

putation cost. In this sample case, % and % are both (80 x 80)

60
40
100
(i ”
oL I |
. °
_ 20
102 120
/"%,( 80 40
0/‘60 50 60 . vo\(\\?-
g 20 4(; oo™
e 100 10 60
Fig. 12. Lift sensitivity with respect to ¢p;.
0.9
0.8
07

Fig. 13. Lift sensitivity with respect to {p,.

(I

i

Fig. 14. Relative error matrix of a_d;t—
-

matrices based on the current wing panel discretization, which are
illustrated in Fig. 15 and 16, respectively. % is a matrix with
non-zero values aligned along the primary and secondary diago-
nal lines, as observed in Fig. 15. This implies that the circulation
strength of kth panel I‘ﬁ only affect its own vortex ring and the ad-

jacent rings, in both spanwise and chordwise direction. Because of
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Table 2 )
Sensitivity results comparison of % between AN and FD methods.
L oL oL
Index 9Cpy Ay 9Cpz
AN FD &(%) AN FD &(%) AN FD &(%)
(1,2) —94.74 —94.74 0.0032 4.363 x 1073 —4.461 x 1073 0.0448 —37.25 —37.25 0.0028
9,9) 10.40 10.40 0.0041 —0.0836 —0.0836 0.0012 —57.63 —57.63 0.0035
(15,16) 13.68 13.68 0 —0.1293 —0.1293 0 —48.06 —48.06 0.0642
(20,21) —5.421 —5.420 0.018 0.3449 0.3449 0.0020 —38.60 —38.60 0.0078
(35,36) 2.797 2.796 0.036 —0.0598 —0.0598 0.0016 —7123 —7123 0.0010
(48,71) 14.88 14.88 0.0010 0.0722 0.0722 0 —57.67 —57.67 0
(60,84) 24.18 2418 0 —0.3449 —0.3448 0.0290 —43.15 —43.15 0.0305
(70,94) 2.466 2.466 0.0065 0.0359 0.0359 0.0025 —4.012 —4.012 0.0170
(80,104) —20.99 —20.99 0 —0.1330 —0.1330 0 —11.00 —11.00 0.0003
Table 3
Results comparison of aerodynamic sensitivities with respect to ¢p.
oL oL 9D
Index B Bene 3
AN FD &(%) AN FD £(%) AN FD (%)
(1,1) 2.809 2.809 0.0053 0.9902 0.9902 0.0011 —1.812x 1074 —1.812x 1074 0.0032
(6,6) 2.800 2.800 0.0053 0.9871 0.9871 0.0011 —1.781 x 1074 —1.781 x 1074 0.0032
(15,15) 2.687 2.687 0.0053 0.9482 0.9482 0.0011 —1.630 x 104 —1.630 x 1074 0.0032
(34,36) 0.9010 0.9010 0.0052 0.3181 0.3181 0.0011 —8.541 x 107> —8.541 x 1073 0.0031
(60,84) 1.851 1.851 0.0052 0.6532 0.6532 0.0011 —1.126 x 104 -1.126 x 1074 0.0030
(75,121) 0.8897 0.8897 0.0052 0.3142 0.3142 0.0011 —9.066 x 10> —9.066 x 10> 0.0030
(80,126) 0.5231 0.5231 0.0052 0.1851 0.1851 0.0011 —3.830 x 10 —3.830 x 107> 0.0030
los5 0.45
120 0.4
115 0.6
0.35
0
oL o4
ar,
0.2
0
0

100 nd?

Fig. 15. Lift sensitivity with respect to I'j.

the vortex rings shedding mechanism, the impact of F’g on its next
spanwise (k + 1)th vortex ring is much smaller than on adjacent
(k + m)th vortex ring along with chordwise direction. For exam-
ple, the self-influence and chordwise-influence sensitivity values
are ;’TL'J(&G) =28.49 and zijLH(Z&G) = —28.50 respectively, while
the spanwise-influence sensitivity value is %l(m) = 0.0065. For
any other entry that is not adjacent to the sixth vortex panel, such
as %klg) or %kgg,s), its value will be 0. The sensitivity matri-
ces for aerodynamic drag have the similar phenomenon, but they
are not plotted in this paper to avoid content redundancy.
Results of sensitivity % is plotted in Fig. 16. According to
Eq. (12), there is only one coefficient matrix pG; in the compu-
tational relation from I', to L. Therefore, it is reasonable that the
sensitivity matrix is diagonal with similar values aligned along the
diagonal line when the structural is not highly deformed, as ob-
served in Fig. 16.

For the calculation of sensitivities with respect to circulation
strengths of wake vortices I'y,, the maximum layer number of
wake vortex model is set to be 100 for the re%}fction of compu-

tational cost. Thus the size of sensitivity term I is considerably

80

80 « £
100 W

Ly 0@/
s

Fig. 16. Lift sensitivity with respect to I',.

large as (80 x 4000). Therefore, Fig. 17 only shows the first 60
discretized elements in the matrix of % which represent the
impact of first two rows of the wake vortices. In addition, several
entries of % are selected and listed in Table 4 to show the whole
picture about the wake influence. Note that all the sensitivity val-
ues that are smaller than 1 x 10~ are displayed as 0.

Results indicate that the distance between wake and bound
vortex panels plays a key role to affect the aerodynamic sensitiv-
ity. The distributed aerodynamic loads are much more sensitive to
wake vortices that are close to the trailing edge of the structure.
For example, elements with index (39,19), (38,18) and (37,17) from
the first row of the wake have the biggest values in the whole ma-
trix of aaTLW' as shown in Fig. 17 and Table 4. On the other hand,
the elements with index (9,400), (1,2233), (50,3360) and (20,3990)
have much smaller values even zero, indicating the little influence
of distant wake vortices on aerodynamic loads. Therefore, the sen-
sitivity analysis presented in this paper can also be used as the
theoretical basis to make appropriate wake model truncation for
other applications and studies with UVLM aerodynamics.
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Table 4 )
Sensitivity results of % obtained by AN method.

Index (front) Sensitivity value Index (middle)

Sensitivity value Index (rear) Sensitivity value

(11) —0.0258 (1,183)
(36,16) 0.1562 (21,185)
(39,19) 0.1859 (19,.278)
(61,21) 0.0134 (42,336)
(38,57) —0.0058 (20,352)
(15,115) —0.0012 (9,400)

2.842 x 1074 (1,2233) 2.8129 x 107>
1.7290 x 10~ (9,2258) 0

—5.7280 x 1074 (50,3000) —5.0014 x 107
—1.0095 x 10~ (66,3360) —5.4345 x 1076
—4.5368 x 1073 (20,3990) 0

—1.1415x 1074 (1,4000) —4.4397 x 1076

0.15

60

40 ne¥

<
20 & wa
0o

Fig. 17. Analytical lift sensitivity with respect to circulation strengths of wake vor-
tices.

; ‘ivi ; iy AL oL oL

The analytical sensitivity results including ¥ v o and o,
are all validated by the finite difference method. Similar with pre-
vious error analysis for % and % the largest relative errors for

AL L and L petween these two methods are all under 0.1%.
T’ oTw ar,
Therefore the aerodynamic sensitivity analysis with respect to the

circulation strengths of vortices are demonstrated to be effective.
5. Conclusion

This paper has detailed an efficient scheme to obtain the aero-
dynamic sensitivities with respect to both structural deformation
and circulation strengths of vortices for highly flexible aircraft.
These sensitivities were computed analytically based on the chain
rule with UVLM aerodynamics. In the section of numerical stud-
ies, the proposed analytical sensitivity analysis approach was ap-
plied in both beam-based and shell-based flexible wing models to
prove its technical versatility. From the transient response of aero-
structure coupling systems, aerodynamic sensitivities were com-
puted around the equilibrium condition. The impact of the bound
and wake vorticities on the aerodynamic loads was then revealed.
It showed that distributed aerodynamic loads were much more
sensitive to wake vortices that are close to the trailing edge. In ad-
dition, this paper also studied the aerodynamic sensitivities with
respect to the warping of bound vortex panels. It turned out that
the displacements of vortex rings along the normal vector direction
contributed more to aerodynamic loads distributed on the lifting
surface. The analytical results were all validated by the numerical
results calculated via the finite difference method. The formula-
tions derived in this paper provide the foundation for develop-
ing a time-domain aeroelastic analysis framework that is adequate
for next-generation flexible aerial vehicles. Calculated aerodynamic
sensitivities can be used for further studies on stability analysis
and gradient-based optimization.
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