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This paper aims at developing a control-centric analytical formulation for aeromechanics and flight 
dynamics of urban air mobility (UAM) vehicles. Such vehicles feature a hybrid configuration with 
tiltrotors and fixed wings, enabling vertical takeoff/landing capability while attaining level flight range 
and endurance. A comprehensive nonlinear rigid-body dynamic model is developed by incorporating 
multiple tiltrotor dynamics and their gyroscopic and inertial coupling effects. A quasi-steady aerodynamic 
formulation is used to derive the aerodynamic loads on all lifting surfaces. In addition to the conventional 
control surfaces of the fixed-wing aircraft, the tiltrotor angular positions and rotational speeds are 
also considered additional control inputs in the derivation of nonlinear flight dynamic equations. These 
nonlinear equations are then linearized with respect to a set of trimmed conditions to generate the 
corresponding linear time-invariant state-space models, which are best suited for flight control design. 
In particular, to capture the critical dynamical behaviors during the transition from vertical to forward 
flight, the linear models are attained at various angular positions of the tiltrotors. These linear models are 
then utilized to develop a linear parameter-varying (LPV) model in which the tiltrotor angular position 
is considered the scheduling parameter. Subsequently, the adaptive model predictive control (MPC) 
methodology is used to design the flight controllers to achieve a stable and smooth transition flight. 
The numerical simulations demonstrate the efficacy of the proposed modeling and control approach.

© 2022 Elsevier Masson SAS. All rights reserved.

1. Introduction

Urban air mobility (UAM) vehicles have attracted much attention lately from both the aviation industry and the academic community. 
They are viewed as promising next-generation point-to-point air transportation for urban travel. Though there are still no established 
standards for UAM vehicles, one key characteristic that is common in most of the proposed UAM vehicles is the vertical takeoff/landing 
(VTOL) capability enabled by the distributed electric propulsion (DEP) technology [1]. This class of emerging UAM vehicles is known 
as eVTOL. In particular, a significant subset of such eVTOL vehicles that is adopted by many leading eVTOL manufacturers features a 
combination of DEP system and fixed wings; for instance, Joby S2/S4, Airbus Vahana, Boeing Phantom Swift, Hyundai/Uber S-A1, and 
Lilium Jet, to just name a few. This hybrid configuration takes advantage of both cruise flight aerodynamic efficiency of a fixed-wing 
aircraft and VTOL and hovering capability of a DEP system. Most notably, the mentioned eVTOL vehicles may utilize articulation of thrust 
vectors to ensure a smooth transition between vertical and forward flights. The thrust vectors can be achieved by either tilting the 
individual pylon/tiltrotor or rotating the entire fore/aft wing with distributed prop-rotors on each wing. The tiltrotor configuration, while 
eliminating the need for extra prop-rotors/motors for separate vertical and cruise flight, reduces the vehicle weight and the aerodynamic 
drag. However, the complexity of tiltrotor dynamics and stable transitioning between vertical and cruise flight utilizing thrust vectoring 
impose a unique technical challenge. Therefore, developing an analytical and control-centric dynamic model that captures the salient 
aeromechanics of the transition flight becomes a vitally important research subject [2,3].
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Nomenclature

A state-space system matrix
A rotor disk area . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2

a0, a1 aerodynamic frames along lifting surface
B state-space control matrix
B body-fixed frame
b local frame
C rotational transformation matrix
CT rotor thrust coefficient
d rotor mass radial location vector . . . . . . . . . . . . . . . . . . . . m
E aerodynamic influence matrices
F rotor thrust . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N
e engine frame
G global frame
g gravitational acceleration vector . . . . . . . . . . . . . . . . . m/s2

H angular momentum . . . . . . . . . . . . . . . . . . . . . . . . . . kg · m2/s
I mass moment of inertia . . . . . . . . . . . . . . . . . . . . . . . . kg · m2

L rotor pylon length vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
MB B , CB B Inertia and damping matrix of full aircraft
m mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg
N rotor speed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rpm
p position vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
q trim variable
R load vector
R rotor radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
r rotor frame

S trim cost function
T kinetic energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J
T rotor torque . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N · m
U potential energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J
u system control input vector
V volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3

v translational velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m/s
W ext external work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J
x system state vector
ẏ airfoil velocity component along a0y . . . . . . . . . . . . . . m/s
ż airfoil velocity component along a0z . . . . . . . . . . . . . . m/s
α̇ airfoil pitch rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad/s
β rigid-body velocity vector
� control input of rotor spin angle . . . . . . . . . . . . . . . . . . . rad
γ rotor spin angle vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad
δe , δa , δr deflection of elevator, aileron, and rudder . . . . . . . . rad
ε0 nonlinear equilibrium
ζ quaternions
θ angular position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad
� control input of rotor tilt angle . . . . . . . . . . . . . . . . . . . . rad
ξ rotor tilt angle vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad
ρ air density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg/m3

�ζ matrix of quaternions differential equation
ω angular velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad/s

A tiltrotor UAM vehicle is a complex system consisting of rigid and flexible structural components. The aeromechanics and flight dy-
namics of tiltrotor vehicles couples with unsteady aerodynamics. It results in a highly nonlinear, non-periodic dynamic system that is 
difficult to analyze and simulate [4]. Tugnoli et al. [5] applied a vortex-particle-based method to calculate the wing and rotor’s aerody-
namic loads of Vahana eVTOL aircraft (by A3 and Airbus). Higgins et al. [6] performed an acoustic study on a tilt-wing eVTOL aircraft with 
distributed propulsion. In rotary-wing aircraft studies, a systematic multi-body dynamic simulation approach [7–12] is usually applied 
to accurately model all the essential structural components, including the rotors and rigid body vehicle. More recent studies on tiltrotor 
dynamics include advanced trimming analysis by considering coupled tiltrotor aerodynamic interference [13,14], and application of auto-
matic differentiation method in analyzing tiltrotor flight dynamic sensitivity and stability [15]. It is important to note that integrating the 
DEP system into the UAM vehicles provides the much-needed operational flight robustness with increased safety and reliability, especially 
for tiltrotor aircraft during the transition flight. In addition, in order to gain flight range and endurance, a fixed-wing platform can be 
adopted. Therefore, this paper aims to study a class of hybrid eVTOL vehicles that features a fixed-wing aircraft configured with six tiltro-
tors DEP systems. There already exist comprehensive rotorcraft analysis tools in the literature and commercial market, such as CAMRAD II 
[8,9] and RCAS [12]. These packages feature nonlinear aeromechanics formulations with flexible rotor blades and unsteady aerodynamics. 
They can be applied to study and develop the flight dynamics and control for UAM aircraft. However, from the control point of view, it is 
critical to develop a comprehensive control-centric vehicle model based on the fundamental principles of different disciplines of tiltrotor 
aircraft. While some simplifications are inevitable, the salient feature of the proposed flight dynamic model is that it encompasses the 
complicated aeromechanics and coupled flight dynamics so as to provide a comprehensive mathematical framework that can be used to 
study the flight characteristics of the proposed UAM vehicles at various flight conditions. In addition, when coupled with motor dynamics 
and onboard energy management system, the proposed mathematical model will facilitate a more holistic approach to study UAM vehicle 
flight performance, including minimizing (battery) energy consumption subject to specific flight missions. Moreover, another advantage 
of the proposed model is that it can readily enable further enhancements to include the analysis of, for example, wing flexibility and 
aeroelasticity, interaction of rotor/wing aerodynamics, etc. These topics will be the subject of future research.

With the developed model, a comprehensive trim analysis is performed in this paper for the nonlinear dynamic model with respect to 
the two critical flight scenarios: vertical takeoff flight and transition flight. For the analysis of vertical takeoff, the fixed wing’s aerodynamic 
loads are set to zero, and only the tiltrotor rotational speed is considered the trim variable. In this case, all six tiltrotors are in the upright 
position. The trim solution is to seek the minimum rotational speed for each of the six rotors while subjecting to a constraint on vertical 
acceleration to ensure ride quality. For the study of the vehicle’s transition from vertical to forward flight, the nonlinear model is linearized 
at various designated angular positions of the tiltrotor. During the transition flight, only two tiltrotors are commanded to tilt from the 
vertical position (90◦) to the horizontal position (0◦), the remaining four tiltrotors are maintained in the vertical position to provide the 
required lift force, especially at the beginning of transition when forward speed is low. During this quasi-steady process, the vehicle pitch 
angle, ruddervator deflection angle, as well as the tiltrotor angular position and its rotational speed are considered the trim variables. 
During the transition, the vehicle’s forward flight speed is expected to gradually increase from 0 to a designated cruise speed while 
maintaining (at least) the hovering altitude. Therefore, once the vehicle picks up the forward flight speed, the four upright tiltrotors’ 
rotational speed can be tuned down according to the increased aerodynamic lift generated by the fixed wing. Eventually, their speeds can 
be reduced to zero when the vehicle completely transits into a steady and level flight.
2
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Fig. 1. Global and body reference frames of a rigid-body tiltrotor aircraft (connections between rotors and aircraft are not shown).

The proposed trim analyses generate a collection of linear state-space models representing vertical flight and transition flights at 
different tiltrotor angular positions. More specifically, these linear models can be used to develop linear parameter-varying (LPV) based 
controllers [16,17] to assess the stability and performance of the transition flight. For this purpose, the discrete-time adaptive model 
predictive control (MPC) methodology [18–21] is utilized to formulate the transition flight control problem as a finite-horizon constrained 
LPV optimal control problem. The standard numerical quadratic programming (QP) technique [22] can be used to attain the real-time 
flight control strategy.

This paper is organized as follows. Section 2 introduces a nonlinear flight dynamic formulation for tiltrotor aircraft, followed by a 
numerical model verification for the developed nonlinear dynamics model in Sec. 3. Section 4 presents the linearization of the nonlinear 
model yielding a control-centric linear state-space representation. The trim analysis for tiltrotor aircraft at vertical takeoff and steady-
level/constant-speed climbing flights are also formulated in this section, which is then used in Sec. 5 to numerically study the trim 
analysis for the transition flight. In Sec. 6, an LPV-based adaptive MPC approach is introduced and used to design an optimal flight 
controller for transition flight. Finally, conclusions and future works are summarized in Sec. 7.

2. Theoretical formulation

2.1. Rigid-body dynamics and tiltrotor kinematics

In this study, a hybrid UAM aircraft configured with a fixed wing and tiltrotors is considered; see Fig. 1. The dynamic contributions of 
fixed-wing aircraft and tiltrotors are modeled separately and combined for full vehicle study. First, a body-fixed frame B is defined with 
respect to the inertial frame G to describe the vehicle’s position and orientation; with Bx pointing to the right wing, B y pointing forward, 
and Bz completing the right-hand rule. While the B frame can be arbitrarily placed, it is convenient to set the frame’s origin O B within 
the vehicle’s symmetric plane. The inertial position of O B is represented by pB , while pG/B describes the position of the mass center of 
the fixed-wing aircraft (excluding the tiltrotors) with respect to the B frame. The aircraft’s rigid-body velocity is given by

β =
{

vB

ωB

}
=

{
ṗB +ωB × pB

θ̇B

}
(1)

where vB and ωB denote the translational and angular velocities of the rigid body, respectively. Note that all the kinematic quantities are 
resolved in the B frame.

Fig. 2 illustrates a single tiltrotor on a rigid body. A local frame b with the origin at ob is established in the aircraft to assess the 
tiltrotor angular motion, with pb denoting the position vector from O B to ob . Let CBb be the rotational transformation matrix from b
frame to B frame. For a rigid-body aircraft, both pb and CBb are constant upon initialization. The vector pe , or more specifically pb

e as it is 
resolved relative to the b frame, denotes the constant offset between the b frame and the axis of rotation of the pylon-tiltrotor assembly 
through oe . Note that the two vectors pb and pe can be combined if the aircraft is rigid, however, they are considered separately herein 
to allow for future development of modeling flexible wing components in the vehicle.

As highlighted in Fig. 2, ξ denotes the 1-D tilt angle of the tiltrotor assembly, which is measured as the rotation of the engine frame e
(centered at oe) about the bx-axis. The tiltrotor rotation (or spin) angle is denoted by γ , measured as the rotation of the rotor frame r
(centered at A) about the e y -axis, and d is the radial position of an infinitesimal mass dmr of the rotor. Other than tilting and spinning, 
the pylon-tiltrotor assembly is considered rigid. The following vectors can be defined according to the reference frames given above,

ξ̇
b =

⎧⎨
⎩

ξ̇

0
0

⎫⎬
⎭ , γ̇e =

⎧⎨
⎩

0
γ̇
0

⎫⎬
⎭ , Le =

⎧⎨
⎩

0
L
0

⎫⎬
⎭ , and dr =

⎧⎨
⎩

d
0
0

⎫⎬
⎭ , (2)

where the superscripts indicate the reference frames in which the vectors are defined and resolved. For simplicity, the superscripts are 
omitted in the following equations. The transformation matrices between the local frames are given as follows,

Cer(γ ) =
⎡
⎣ cosγ 0 sinγ

0 1 0
− sinγ 0 cosγ

⎤
⎦ , Cbe(ξ) =

⎡
⎣1 0 0

0 cos ξ − sin ξ

0 sin ξ cos ξ

⎤
⎦ . (3)
3
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Fig. 2. A free rigid body with a tiltrotor.

Let ξ̇ and γ̇ denote the tilt rate and spin rate vectors, respectively. The rates of these transformation matrices are

Ċer(γ , γ̇ ) = ˜̇γCer(γ ) ,

Ċbe(ξ, ξ̇ ) = ˜̇ξCbe(ξ) ,
(4)

where the operator ˜[·] refers to a skew-symmetric matrix to complete the cross product of two vectors, i.e., a × b = [ã] {b} = [b̃]T {a}. In 
other words, if a = [a1, a2, a3]T , then

ã =
⎡
⎣ 0 −a3 a2

a3 0 −a1
−a2 a1 0

⎤
⎦ . (5)

Additional rotational transformation matrix between the body and engine frames is given by

CBe = CBbCbe . (6)

The angular velocity and acceleration of the rotor (or the rotor frame r) are given as

ωr = ωB + CBbξ̇+ CBbCbe(ξ)γ̇ ,

ω̇r = ω̇B + CBbξ̈+ CBbĊbe(ξ)γ̇+ CBbCbe(ξ)γ̈ ,
(7)

both are already transformed to the B frame. The position of A, assumed to be the mass center of the rotor, can be described by

pA(ξ) = pB + pA/B(ξ) ,

pA/B(ξ) = pb + CBbpe + CBbCbe(ξ)L ,
(8)

where pA/B(ξ) denotes the relative position with respect to the B frame. The velocity of point A is obtained by differentiating its position, 
leading to

vA = vB +ωB ×
(

pb + CBbpe + CBbCbeL
)

+
(

CBbξ̇
)

×
(

CBbCbeL
)

. (9)

2.2. Energy and external work

The total kinetic energy of the proposed hybrid UAM vehicle is described by

T = T B + Tr , (10)

where the kinetic energy of the fixed-wing rigid body, T B , is given by

T B = 1

2
mB (vB · vB) + mB vB · (ωB × pG/B

)+ 1

2
ωB · HB , (11)

in which mB is the total mass of the rigid body and HB the corresponding angular momentum, which is given by

HB = IB ·ωB

and IB denotes the moment of inertia about the B frame. Furthermore, one can refer to Fig. 2 to determine the kinetic energy of the 
tiltrotors, which is given by
4
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Tr = 1

2
mr (vA · vA) + 1

2
ωr · Hr (12)

in which the rotor’s translational and rotational kinetic energy is decoupled since A is considered the mass center of the rotor, and Hr

denotes the angular momentum of the rotor about A, resolved in the B frame, given by

Hr = Ir ·ωr (13)

where the rotor’s inertia Ir is calculated in the engine frame (e) and then transformed to the body frame (B), and given by

Ir = CBbCbeIe
r CebCbB . (14)

The time derivative of the angular momentum Hr is given by

dHr

dt
= İr ·ωr + Ir · ω̇r +ωB × (Ir ·ωr) (15)

where the time derivative of rotor inertia is given by

İr = CBb
[ ˜̇ξCbe(ξ)Ie

r Ceb(ξ) − Cbe(ξ)Ie
r Ceb(ξ) ˜̇ξ

]
CbB . (16)

The potential energy of the complete aircraft comes from the gravity effect, given by

U = −mB g · pB − (
pG/B × mB g

) ·θB − mrg · pB − (
pA/B × mrg

) ·θB . (17)

The work done by the external loads is

W ext = Fext
B · pB + Mext

B ·θB (18)

where Fext
B and Mext

B are the resultant external forces and moments, respectively, applied about the B frame from both the aircraft body 
and tiltrotor. They include the propulsive and aerodynamic loads, as well as loads due to the deployment of wing control surfaces. The 
reaction forces/moments between the rigid-body aircraft and tiltrotor are internal loads, hence they do not contribute to the formulation.

2.3. Governing equations of motion

By following the Hamilton’s Principle, the governing equation of the complete aircraft is found to be

MB B(ξ)β̇+ CB B(β,ξ)β= RB (19)

where the inertia and damping matrices and load vector are given by

MB B =
[

mB I3 mB p̃T
G/B

mB p̃G/B IB

]
+

[
mrI3 mr p̃T

A/B
mr p̃A/B Ir + mr p̃A/B p̃T

A/B

]

CB B =
[

mBω̃B mBω̃B p̃T
G/B

mB p̃G/Bω̃B ω̃B IB

]
+

[
mrω̃B mrω̃B p̃T

A/B
mr p̃A/Bω̃B ω̃B Ir + mr p̃A/Bω̃B p̃T

A/B

]

RB = Rgrav + Riner + Rrate + Rgyro + Rext

(20)

in which I3 denotes the 3-by-3 identity matrix and the gravitational acceleration g is resolved in the B frame. The term Ir + mr p̃A/B p̃T
A/B

in MB B is nothing but the rotor’s mass moment of inertia transferred to the B frame, after applying the Parallel Axis Theorem. In addition, 
Rgrav denotes the gravity load, Riner the inertial load, Rrate the induced moment due to tiltrotors, Rgyro the gyroscopic load, and Rext the 
external load, including propulsive and aerodynamic loads.

Equation (19) can be used to solve for the aircraft’s dynamic response. However, for easy tracking of propagation of the body frame, ad-
ditional kinematic equations are established. Given the rigid-body angular velocity ωB = [ωB1, ωB2, ωB3]T , one may use the quaternions 
ζ = [ζ0, ζ1, ζ2, ζ3]T to describe the rigid-body orientation as follows,

ζ̇ = −1

2
�ζ (β)ζ (21)

where

�ζ (β) =

⎡
⎢⎢⎣

0 ωB1 ωB2 ωB3
−ωB1 0 −ωB3 ωB2
−ωB2 ωB3 0 −ωB1
−ωB3 −ωB2 ωB1 0

⎤
⎥⎥⎦ . (22)

Note that through a straightforward post-processing effort, the Euler angles can be derived from the quaternions. The rotational transfor-
mation matrix CBG can also be described in terms of the quaternions, i.e.,

CBG(ζ) =
⎡
⎣ζ 2

0 + ζ 2
1 − ζ 2

2 − ζ 2
3 2 (ζ1ζ2 + ζ0ζ3) 2 (ζ1ζ3 − ζ0ζ2)

2 (ζ1ζ2 − ζ0ζ3) ζ 2
0 − ζ 2

1 + ζ 2
2 − ζ 2

3 2 (ζ2ζ3 + ζ0ζ1)

2 (ζ ζ + ζ ζ ) 2 (ζ ζ − ζ ζ ) ζ 2 − ζ 2 − ζ 2 + ζ 2

⎤
⎦ (23)
1 3 0 2 2 3 0 1 0 1 2 3

5
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which leads to the inertial translational velocity of the B frame as

ṗG
B = CG B vB = [

CG B 03
]
β (24)

where CG B = (
CBG

)T
. Finally, the combination of Eqs. (19), (21) and (24) completely describes the nonlinear flight dynamical behaviors of 

the proposed tiltrotor UAM vehicle.

2.4. Inertial and gyroscopic loads

The gravity load vector in Eq. (20) can be described by

Rgrav =
{

Fgrav

Mgrav

}
=

[
I3

p̃G/B

]
mB g +

[
I3

p̃A/B(ξ)

]
mrg . (25)

Note that Riner, Rrate, and Rgyro in Eq. (20) are all originated from the kinetic energy, and their derivations are presented next.
The tiltrotors are subject to inertial force due to tilting acceleration, centrifugal force, and Coriolis force, and these forces can be 

described as

Finer = −mr

(
CBb

[
ξ̈×

(
CbeL

)]
+ CBb

{
ξ̇×

[
ξ̇×

(
CbeL

)]}
+ 2ωB ×

{
CBb

[
ξ̇×

(
CbeL

)]})
. (26)

Additional inertial loads, induced by the rotor angular acceleration, are given by

Mracc = −Ir ·
(

CBbξ̈+ CBbCbeγ̈
)

, (27)

therefore, the equivalent inertial load vector Riner can be summarized as

Riner =
{

Finer

Miner

}
=

[
I3

p̃A/B

]
Finer +

{
03×1
Mracc

}
. (28)

Moreover, the moment of inertia varies with time for a tilting rotor, with its rate of change evaluated in the body frame described in 
Eq. (16). Such a change of inertia generates a moment, which is given by

Rrate =
{

03×1
Mrate

}
(29)

where

Mrate = −İr ·
(
ωB + CBbξ̇+ CBbCbeγ̇

)
. (30)

Finally, the gyroscopic load Rgyro can be given by

Rgyro =
{

03×1
Mgyro

}
(31)

where

Mgyro = −ωB ×
[

Ir ·
(

CBbξ̇+ CBbCbeγ̇
)]

− Ir ·
(

CBb ˜̇ξCbeγ̇
)

. (32)

2.5. Propulsion

In this study, Rext in Eq. (20) includes both propulsive load Rprop and aerodynamic load Raero. For simplicity, the static thrust and 
torque produced by a single rotor are described by

F = CT ρ A

(
π N

30

)2

R2 = CT ρ Aγ̇ 2 R2

T = (−1)n−1 C Q ρR5γ̇ 2 ,

(33)

where CT and C Q are the thrust and torque coefficients, respectively, determined by the propeller design, Reynolds number, etc. The 
formulation is modified from the one provided in Merchant and Miller [23]. Future studies will implement an advanced propulsion model 
that can provide a more accurate estimation on the thrust and torque during both hover and forward flight. The thrust and torque are 
aligned along the e y -axis, whose orientation changes with the angular position of the tiltrotor. Hence, the propulsive load in the body 
frame B is given by

Rprop =
{

Fprop

Mprop

}
=

[
I3

p̃A/B(ξ)

]
CBe(ξ)

⎧⎨
⎩

0
F
0

⎫⎬
⎭+

[
03
I3

]
CBe(ξ)

⎧⎨
⎩

0
T
0

⎫⎬
⎭ . (34)
6
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Fig. 3. Aerodynamic frame and load components.

Table 1
Inertial properties of verification model.

Value Unit

Body mass, mB 2280 kg
Body moment of inertia, IB,xx 6400 kg · m2

Body moment of inertia, IB,yy 4500 kg · m2

Body moment of inertia, IB,zz 9400 kg · m2

Rotor mass, mr 75 kg
Rotor moment of inertia, Ie

r,xx 1 kg · m2

Rotor moment of inertia, Ie
r,yy 2 kg · m2

Rotor moment of inertia, Ie
r,zz 1 kg · m2

2.6. Aerodynamics

The aerodynamic load is calculated at each airfoil section along the span of lifting surfaces. In doing so, the lifting surfaces are meshed 
with 1-D elements along their span. Referring to Fig. 3, the 2-D quasi-steady aerodynamic loads on each thin airfoil section undergoing 
arbitrary motions in an incompressible inviscid subsonic flow are described by

lac = πρb2 (−z̈ + ẏα̇ − dα̈) + 2πρb ẏ2
[
− ż

ẏ
+

(
1

2
b − d

)
α̇

ẏ

]
+ ρb ẏ2clδδ

mac = πρb3
[

1

2
z̈ − ẏα̇ −

(
1

8
b − 1

2
d

)
α̈

]
+ 2ρb2 ẏ2cmδδ

dac = −2πρb ẏ2
(

− ż

ẏ
− d

α̇

ẏ

)2

+ ρb ẏ2cdδδ

(35)

where δ is the trailing-edge flap deflection angle, b the semichord, d the distance of midchord in front of the reference axis, clδ the lift 
coefficient, cmδ the moment coefficient, and cdδ the drag coefficient. The sectional aerodynamic loads are transformed to the body frame 
B , given by

faero = CBa1
{

0 dac lac
}T

,

maero = CBa1
{

mac + lac
( 1

2 b + d
)

0 0
}T

.
(36)

The distributed aerodynamic force and moment are further integrated to obtain the resultant aerodynamic load about the B frame as 
follows,

Raero =
{

E f faero

Emmaero

}
(37)

where E f and Em are the influence matrices determined by the numerical integration scheme.
The aerodynamic model implemented in the current work does not consider the unsteadiness and 3D effects, and it does not involve 

the drag created by the fuselage. Further enhancement with the aerodynamic coupling among the wing, fuselage, and propellers will 
require a more comprehensive model. The current work aims to establish an analytical flight dynamic model for the class of urban air 
mobility vehicles so that a robust control algorithm can be explored for such vehicles. Therefore, the simplified model can effectively 
estimate the aerodynamic loads for the control development.

3. Model verification

In order to verify the nonlinear tiltrotor dynamic model developed in Section 2, we consider a single tiltrotor on a rigid body as 
illustrated in Fig. 2. For simplicity, the origin of body frame B is at the rigid body’s mass center, i.e. pG/B = 0. The pivot point of the 
tiltrotor, oe , is chosen to be the same as ob , O B , and O G , i.e., the pivot point is the same as the mass center and B frame origin. The pylon 
length L is set to 0.5 m. The inertial properties of the rigid body and rotor can be found in Table 1.

The model verification is conducted in Matlab/Simulink environment by utilizing the Simulink Simscape™ Multibody™ toolbox. The 
verification procedure is described in Fig. 4. Note that the Simscape™ toolbox uses rotor torque as the input, while the developed analytical 
7
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Fig. 4. Tiltrotor flight dynamic model verification process.

Fig. 5. Rotor rotational speed and tilt angle subject to predefined torques.

Fig. 6. Model verification: body velocities and Euler angles.

model utilizes rotor kinematics as the input. Therefore, to verify the analytical model, in Simscape™, a predefined torque is applied to the 
single rotor model to spin the rotor, followed by a predefined torque to tilt the pylon-rotor assembly. The rotor kinematics is recorded in 
Simscape™ and applied to the analytical model as input. Specifically, from 0 to 1 s, a constant torque of 300 N · m is applied to spin the 
rotor with initial acceleration, followed by a constant torque of 5 N · m applied to tilt the pylon-rotor assembly from 1 to 20 s. The system 
is initially set at rest. From the Simscape™ Multibody™ simulations, the resulting rotor spin and tilt motions are shown in Fig. 5, which 
are then fed into the analytical model as its inputs. Finally, the body linear velocity components and the Euler angles are simulated and 
compared in Fig. 6. It can be shown that the two responses are matched very well, hence numerically validating the proposed analytical 
tiltrotor dynamic formulation.

4. Linearization and trim analysis

4.1. Linear state-space equation

In this section, we consider a hybrid UAM vehicle with n number of tiltrotors. To facilitate the linearization process, we define the 
following control inputs that include both rotor tilt angles and spin kinematics as

�T = {
ξ1 · · · ξn

}
�T = {

γ1 · · · γn
}

.
(38)

The Taylor series expansion is applied to the governing equation with respect to a given equilibrium ε0 with the corresponding control 
input u0, in which
8
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εT
0 =

{
βT

0 β̇
T
0 ζT

0 ζ̇
T
0

(
pG

B,0

)T (
ṗG

B,0

)T
}

uT
0 = {

δT
e,0 δT

a,0 δT
r,0 �T

0 �̇T
0 �̈T

0 �̇T
0 �̈T

0

} (39)

After the expansion, high order terms are neglected, and terms with the same variables are grouped together, leading to the linearized 
equations of motion as follows,(

MB B |0 − ∂RB

∂β̇

∣∣∣∣
0

)
�β̇+

(
CB B |0 + ∂CB B

∂β

∣∣∣∣
0
β0 − ∂RB

∂β

∣∣∣∣
0

)
�β

= ∂RB

∂ζ

∣∣∣∣
0
�ζ+ ∂RB

∂δe

∣∣∣∣
0
�δe + ∂RB

∂δa

∣∣∣∣
0
�δa + ∂RB

∂δr

∣∣∣∣
0
�δr

+
(

∂RB

∂�

∣∣∣∣
0
− ∂MB B

∂�

∣∣∣∣
0
β̇0 − ∂CB B

∂�

∣∣∣∣
0
β0

)
��

+ ∂RB

∂�̇

∣∣∣∣
0
��̇ + ∂RB

∂�̈

∣∣∣∣
0
��̈ + ∂RB

∂�̇

∣∣∣∣
0
��̇ + ∂RB

∂�̈

∣∣∣∣
0
��̈

�ζ̇= − 1

2

∂�ζ (β)

∂β

∣∣∣∣
0
�βζ0 − 1

2
�ζ (β0)�ζ

�ṗG
B =

[
∂CG B(ζ)

∂ζ

∣∣∣∣
0
�ζ 03

]
β0 + [

CG B(ζ0) 03
]
�β

(40)

where (·)|0 means the corresponding quantity evaluated at the given equilibrium. Furthermore, Eq. (40) can be rewritten in terms of the 
state-space representation as

ẋ = Ax + Bu (41)

where x and u denote the state and control input, respectively, and are defined by

xT =
{
�βT �ζT �

(
pG

B

)T
}

uT = [
�δT

e �δT
a �δT

r ��T ��̇T ��̈T ��̇T ��̈T
] (42)

and the matrices A and B are given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

−λ

(
CB B |0 + ∂CB B

∂β

∣∣∣∣
0
β0 − ∂RB

∂β

∣∣∣∣
0

)
λ

∂RB

∂ζ

∣∣∣∣
0

06×3

−1

2

∂�ζ (β)

∂β

∣∣∣∣
0
ζ0 −1

2
�ζ (β0) 04×3

[
CG B(ζ0) 03

] ∂CG B(ζ)

∂ζ

∣∣∣∣
0

vB0 03×3

⎤
⎥⎥⎥⎥⎥⎥⎦

(43)

in which λ =
(

MB B |0 − ∂RB

∂β̇

∣∣∣∣
0

)−1

, and B = λ 
[

BR BT
]
, where

BR =

⎡
⎢⎢⎣

∂RB

∂δe

∣∣∣∣
0

∂RB

∂δa

∣∣∣∣
0

∂RB

∂δr

∣∣∣∣
0

0 0 0
0 0 0

⎤
⎥⎥⎦

BT =

⎡
⎢⎢⎣
(

∂RB

∂�

∣∣∣∣
0
− ∂MB B

∂�

∣∣∣∣
0
β̇0 − ∂CB B

∂�

∣∣∣∣
0
β0

)
∂RB

∂�̇

∣∣∣∣
0

∂RB

∂�̈

∣∣∣∣
0

∂RB

∂�̇

∣∣∣∣
0

∂RB

∂�̈

∣∣∣∣
0

0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎦ .

(44)

4.2. Trim solutions

Two types of trim problems are considered in this study. The first is to trim for a steady longitudinal flight with a constant speed; 
including both steady-level flight and constant climbing, in which the equilibrium equation can be obtained by setting RB = 0 in Eq. (19). 
Only three components within the equilibrium equation need to be satisfied in these flight scenarios. Therefore, the cost function can be 
defined as

ST = {
RB,2 RB,3 RB,4

}
(45)

and the trim variables are

qT = {
αB δe N

}
(46)
9
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Fig. 7. Geometry of proposed tiltrotor UAM aircraft (top view).

where the body incidence angle αB is equal to the pitch angle. The solution starts from an initial guess of the trim variable q0. The 
Newton-Raphson method is used to search for the solution of q that satisfies S(q) = 0. At each step, the search direction is determined by

�qi = −
(

∂S

∂q

)−1

i
Si

qi+1 = qi + �qi

(47)

in which the Jacobian matrix 
∂S

∂q
is evaluated at each step i using the finite difference method. The search continues until a user-defined 

tolerance εtrim is satisfied, i.e.,

‖S(q)‖2 ≤ εtrim . (48)

The second trim problem is to find the required rotor speed during the vertical takeoff. In this scenario, the fixed-wing aerodynamics 
does not participate in the solution, and the body incidence angle is reasonably small to be set to zero. Therefore, in this case, the trim 
variable consists of rotor speeds only, i.e.,

qT = {
N1 N2 · · · Nn

}
. (49)

The cost function for trimmed vertical flight becomes

ST = {
RB,3 − (mB + mr)az RB,4 RB,5 RB,6

}
(50)

where az is the constrained vertical acceleration during takeoff, to ensure the compliance with the ride quality requirement. The approach 
to trim for the vertical flight is the same as level flight. However, the Jacobian matrix is usually not square as the number of rotors 
used for trim might be greater than four. In this case, the Moore-Penrose pseudo-inverse of the Jacobian is used to search for feasible 
trim solutions. In general, the solution is not unique; however, the preferred solution should result in the minimum infinity-norm of q
(min‖q‖∞), which corresponds to the lowest possible peak rotor speed. If any rotor malfunctions, the corresponding rotor speed can be 
set to zero or reduced to a specific value. It is then removed from the list of trim variables in Eq. (49) during the search.

5. Trim analysis

Fig. 7 shows the top view of an urban air mobility aircraft model of interest that is based on the vehicle platform Fig. 1, with six rotors 
at 90◦ orientation and the fuselage not shown. The dashed-dotted line indicates the reference line of lifting surfaces, which is 25% the 
chord from the leading edge. Both the main wing and v-tail are modeled as rigid lifting surfaces. Table 2 lists the inertial parameters of 
the fixed-wing aircraft and rotor, and Table 3 lists the aerodynamic parameters of the main wing and v-tail. The main wing contains an 
aileron, as indicated in Fig. 7, which occupies 25% of the chord and extends from 60% to 90% of the wing span. A ruddervator is defined 
on the v-tail, occupying 25% of the chord, and from 40% to 80% of the tail span. The propulsive coefficients are estimated based on the 
rotor disk dimension and the flight condition; they are CT = 1.0 × 10−2 and C Q = 6.3 × 10−4.

5.1. Trimming for vertical takeoff

Fig. 8 shows the trimmed rotor speed and thrust force during vertical takeoff if all six rotors operate at nominal conditions, in which 
all rotors have the same speed and thrust. This figure can be used to find the required rotor speed and thrust during the initial vertical 
takeoff acceleration and the continuing vertical flight at a constant speed. Since only the static thrust is considered in this study, the trim 
solution turns out to be independent of the takeoff speed.

In addition, we also study important scenarios where one rotor fails to be functional during the takeoff. For this purpose, we first 
assume that rotor 1 (refer to Fig. 7) is malfunctioning. When this happens, rotor 1’s speed is set to zero; hence no thrust is generated 
10
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Table 2
Inertial properties of UAM aircraft.

Value Unit

Body mass, mB 2240.73 kg
Body moment of inertia, IB,xx 12000 kg · m2

Body moment of inertia, IB,yy 9400 kg · m2

Body moment of inertia, IB,zz 20000 kg · m2

Rotor mass, mr 4.55 kg
Rotor moment of inertia, Ie

r,xx 3.5 kg · m2

Rotor moment of inertia, Ie
r,yy 7.0 kg · m2

Rotor moment of inertia, Ie
r,zz 3.5 kg · m2

Table 3
Aerodynamic properties of wing and v-tail of UAM aircraft.

Wing Tail Unit

Airfoil NACA 0012 NACA 0012 –
Ref. axis location (from L.E.) 25% 25% –
Span 13.720 6.900 m
Sweep angle −2.306 0 ◦
Dihedral angle 0 0 ◦
Chord (root/tip) 2.075/0.970 1.080/1.080 m
Incidence angle (no twist) 3.1598 1.0626 ◦

Fig. 8. Rotor spin rate and thrust during nominal vertical takeoff (identical spin rate and thrust for all rotors).

Fig. 9. Individual rotor spin rate and thrust when rotor 1 fails. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

from that rotor. For the vehicle to continue its vertical flight at the required acceleration, the remaining rotors must be commanded to 
adjust their speeds, so the output thrusts are re-distributed to maintain the vertical flight. Fig. 9 shows the re-distributed rotor speeds and 
thrusts. As can be seen, to balance the thrust-induced moment, the speed of rotor 6 is also reduced to zero. In contrast, the remaining 
four rotors are sped up by about 23%, resulting in about 50% increase in individual thrust. Note that the total thrust remains the same as 
required by the trimmed flight. We also consider the case when rotor 3 malfunctions. The corresponding trim results are shown in Fig. 10. 
11
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Fig. 10. Individual rotor spin rate and thrust when rotor 3 fails.

Fig. 11. Trimmed aircraft body pitch and ruddervator deflection during transition flight.

In this case, the speed of rotor 4 is set to zero, and the results in Fig. 10 show the same quantitative change in rotor outputs in order to 
maintain the vertical flight.

5.2. Trimming for transition flight

In this study, we focus on the forward transition flight after the aircraft has reached its full altitude of 304.8 m at the end of vertical 
flight. For simplicity, this transition is assumed to be a quasi-steady trimmed process as rotors tilt from vertical position (90◦ ) to horizontal 
position (0◦). Only the middle two tiltrotors (3 and 4, refer to Fig. 7) are commanded to tilt, as these two rotors are sufficient to provide 
the necessary thrust for the forward flight when they are in the horizontal position. The remaining vertical rotors provide sufficient 
lifting capability during the transition, as evidenced by the failure analysis presented earlier when both tiltrotors 3 and 4 are absent 
during vertical flight. To attain the trimmed models for transition flight, we consider the four tilt angular positions of interest, namely, 
[90◦, 60◦, 30◦, 0◦]. In other words, between vertical flight and level cruise flight, we add two transient flight conditions, where rotors 3 
and 4 are prescribed with a tilt angle of 60◦ and 30◦ , respectively. The trim solutions during the transition can then be found using 
the formulation discussed in Sec. 4.2. It should be noted that during the transition flight, the aircraft forward flight speed is expected to 
increase from zero to full level flight speed of 68 m/s. Therefore, the lift generated by the fixed wing will gradually increase as the aircraft 
gains forward velocity. Consequently, the rotational speeds of those four vertical rotors can gradually reduce to zero at the end of the 
transition.

In this trim analysis, the trim variables are the body pitch angle and ruddervator deflection angle, along with rotor tilt angle and rotor 
spin rate. Fig. 11 shows the aircraft body pitch angle and ruddervator deflection during transition flight, whereas Figs. 12 and 13 show the 
rotor tilt angles and spin rates. Because the rotor kinematics is symmetric during the transition, hence those rotors not shown in Figs. 12
and 13 should take negative values. Note that the spin rates of those vertical rotors are specified to yield a small body pitch angle from 
the trim analysis. This small body pitch angle ensures the ride quality while transitioning from vertical flight to forward flight. Further 
optimization study can also be carried out to include the rotor kinematics with minimum power consumption during the transition.

6. Transition flight control design

One of the main objectives of the trim studies presented in Sec. 4 is to generate a set of linear state-space dynamic models that are 
best suited for flight control design. In particular, in this section, we focus on developing the robust and optimal stabilizing controllers 
for the proposed class of hybrid tiltrotor UAM vehicles during transition flight. Recall that only tiltrotors 3 and 4 (refer to Fig. 7) are 
12
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Fig. 12. Trimmed rotor tilt angle during transition flight.

Fig. 13. Trimmed rotor spin rate during transition flight.

commanded to tilt during the transition. By following the quasi-steady process presented earlier, a set of trimmed models can be obtained 
at chosen rotor tilt angles of [90◦, 60◦, 30◦, 0◦]. Given these four trimmed models, we can then develop a linear parameter-varying (LPV) 
model, in which the rotor tilt angle is considered the scheduling parameter. Subsequently, an adaptive model predictive controller (MPC) 
[18–20] can be designed for the developed LPV model to achieve stable transition flight with guaranteed performance.

6.1. LPV modeling and adaptive MPC

An LPV model is a linear time-invariant (LTI) state-space model in which the system matrices are an affine function of (time-varying) 
parameters, known as scheduling parameters. As being mentioned, in this study, the scheduling parameter is the rotor tilt angle. Using 
the interpretation method proposed in [16], a discrete-time LPV system model can be given by{

x(k + 1) = A(ρ)x(k) + B(ρ)u(k)

y(k) = C(ρ)x(k) , k = 0,1,2, ...
(51)

where x(k) ∈Rnx denotes the state, u(k) ∈Rnu the control input, y(k) ∈Rny the controlled output, and the scheduling parameter ρ = ρ(k)

is the real-time measurable rotor tilt angle during the transition flight. The LTI model between any two trimmed conditions can be deduced 
by linearly interpolating the adjacent LTI models obtained from the two trim solutions. For example, let A(90) and A(60) denote the A-

matrix of two adjacent trimmed LTI models at tilt angle of 90◦ and 60◦ , respectively. Then, A(p) = A(60) + p − 60

30
[A(90) − A(60)] for 

p ∈ [60, 90].
In order to account for the equilibrium conditions defined in Eq. (39), the LPV model described in Eq. (51) must be extended as follows,{

x(k + 1) = x0(ρ) + A(ρ)x(k) + B(ρ)u(k) − [A(ρ)x0(ρ) + B(ρ)u0(ρ)]

y(k) = y0(ρ) + C(ρ)(x(k) − x0(ρ))
(52)

where the variables x0(ρ), u0(ρ), and y0(ρ) are linearly interpolated equilibrium conditions of the adjacent LTI models following the 
same method of interpolating the system matrices given earlier. For simplify, x(k) − x0(ρ) and u(k) − u0(ρ) in Eq. (52) are denoted as x̂(k)

and û(k), respectively.
The adaptive MPC controller design [18–20] is to find the constrained control input û(k) that minimizes the constrained quadratic 

performance index, as formulated in the following,
13
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Table 4
System input and output definitions.

System Input Order System Output Order

Rudervator deflection u1 Rigid-body velocity y1:6
Rotor 3 tilt rate u2 Euler angle y7:9
Rotor 4 tilt rate u3 Body inertial position y10:12

Rotor spin acceleration u4:9 Rotor spin rate y13:18

Angular position of rotor 3 and 4 y19:20

Table 5
MPC controller spec parameters.

Parameter Value Parameter Value

Q [1,1] 1 Q [2,2] 1
Q [3,3] 5002 Q [4,4] 5002

Q [5,5] 1 Q [6,6] 1
R 0.12 × I9

Step Size 1 ms Prediction Horizon 5 steps
min u1 −0.1 max u1 0.1

min u[2,3]
π

2 × 45
− ε max u[2,3]

π

2 × 45
+ ε

min u[4:9] 0 max u[4:9]
Pmax

In[4:9](k)

min
u(0),...,u(NH −1)

NH −1∑
m=0

[x̂T (k + m)Q x̂(k + m) + ûT (k + m)Rû(k + m)]

subject to Gû(k) ≤ h, k = 0, ..., NH − 1

(53)

where k denotes the current time step and NH the finite horizon. The matrices Q ≥ 0 and R > 0 are calibration weights used to penalize 
the state error and control effort, and G is the transmission matrix whose entries correspond to the input constraints. As a result, the 
optimization problem described in Eq. (53) can be reformulated as

min
U

1

2

[
U T (k)(R̂ + B̂ T Q̂ B̂)U (k) + x̂T (k) ÂT Q̂ B̂U (k)

]
subject to ĜU (k) ≤ ĥ

(54)

where U (k) = [ûT (k), ..., ̂uT (k + NH −1)]T is the optimization vector, and R̂, B̂, Q̂ , ĥ, Â, and Ĝ depend on matrices Q , R , G , h in Eq. (53)
and A(ρ) and B(ρ) in Eq. (51), and they are defined by

R̂ = block diag
[

R, R, ..., R
] ∈RNnu×Nnu , Q̂ = block diag

[
Q , Q , ..., Q ,0

] ∈R(NH +1)nx×(NH +1)nx

Ĝ =

⎡
⎢⎢⎣

G 0 0
0 ... 0
0 0 G
0 0 0

⎤
⎥⎥⎦ ∈R(NH +1)nu×(N)nu , ĥ = [

hT ,hT , ..,hT ,0
]T ∈ R(NH +1)nu×1

ÂT = [
I, AT , ..., (AT )N

] ∈R(NH +1)nx×nx , B̂ =

⎡
⎢⎢⎢⎢⎣

0 0 ... 0
B(ρ)

A(ρ)B(ρ) B(ρ)

... ... ...

A(N−1)(ρ)B(ρ) A(N−2)(ρ)B(ρ) ... B(ρ)

⎤
⎥⎥⎥⎥⎦ ∈R(NH +1)nx×Nnu .

(55)

In real-time controller design, at current time k with given state x̂(k), the optimization problem described in Eq. (54) is solved using the 
QP (quadratic programming) solver in Matlab [22] and the solution U (k) = [ûT (k), ..., ̂uT (k + NH − 1)]T . Then, u = û(k) will be used as the 
control input at current time step k. The optimization process is repeated for next time step k + 1 and the control input û(k + 1) can be 
solved accordingly [18–20].

6.2. Numerical simulation

Table 4 defines the list of inputs and outputs used in the simulations. To achieve the desired closed-loop system performance, the 
weighting matrices Q and R of Eq. (53) are chosen as in Table 5, where all undefined entries equal to zeros, in addition, the input 
constraints are also defined in Table 5. ε is chosen to be small enough, leading to a constant controlled mid rotor tilt rate. Note that u4
to u9 denote respectively the controlled spin acceleration for each rotor, with its upper bound computed based on the motor peak power 
Pmax , where I and n(k) denote the rotor inertia and speed, respectively;

To demonstrate the efficacy of the proposed LPV-based transition flight controllers, the closed-loop simulations are conducted by 
applying the proposed controllers to: 1) LPV LTI models presented in Eq. (52), and 2) nonlinear rigid-body flight dynamic model described 
in Eqs. (19), (21) and (24). Fig. 14 shows the proposed verification process for the transition flight controller, in which the red- and blue-
dashed loops represent the LPV controllers closing the loop with LPV models and nonlinear rigid-body model, respectively. Furthermore, 
14
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Fig. 14. Transition flight control verification process.

Fig. 15. Level flight speed and acceleration.

Fig. 16. Vertical speed and displacement.

it should be noted that the red-dashed loop is mainly used for calibrating the controller to achieve the desired closed-loop performance, 
while the blue-dashed loop is for validating the proposed transition flight controllers using the nonlinear aircraft model. In what follows, 
we present the simulation results by comparing yL P V (LPV) and yN L (Nonlinear) of Fig. 14.

The transition from hovering to forward flight is set to complete within 45 s, which roughly corresponds to a rotor tilt angular rate of 
2 deg/s, and this number matches well with an earlier study in [2]. In the simulations, an additional 25 s is added to allow for the aircraft 
to converge to a stable level flight condition. Note that after 45 s, the control law is switched to an LTI controller that is designed based 
on the level flight model. Again, this level flight model is the trimmed model when the rotor tilt angle is set to 0◦ . The weighting for 
level flight speed Q [2,2] is chosen to be 2002, this ensures the level flight speed to converge to the nominal speed of 68 m/s. In addition, 
the reference vertical speed vz is chosen to be a function of altitude variation �H , i.e., vz = −0.3�H , in order to maintain the aircraft at 
the nominal altitude (304.8 m). Note that during the transition, the control strategy is developed based LPV model which could be more 
conservative than the one designed based on the LTI model. As a result, at the end of transition, it is desired to switch the control based 
on linearized LTI model.

Fig. 15 shows the level flight speed accelerating from 0 m/s to 68 m/s during the transition flight. However, both LPV and nonlinear 
models exhibit unwarranted overshoot when switching from transition flight to level flight at 45 s and beyond. This is attributed to the 
fact that switching between two flight control laws is prone to induce undesirable perturbation. In addition, when compared with the 
reference speed trajectory during the transition, the LPV models apparently yield a larger error. This is most likely caused by the linear 
interpolation of two trimmed models at two tilt angles that are too far apart. This modeling error can be reduced if the resolution of the 
tilt angle step size can be made smaller. However, this will result in a larger number of LPV models, hence a higher computational burden.

The vertical speed and displacement during the transition are shown in Fig. 16. Here, the desired vertical speed and displacement 
are zero. Again, we observe larger errors for LPV models, especially when transitioning from 45 s and beyond, which is precisely at the 
juncture of hovering and level flight. Furthermore, in Fig. 16, it should be noted that for both LPV models and nonlinear model, the large 
vertical speed drop after 45 s is again due to the control mode switch from the normal transition flight MPC to the final LTI level flight 
control. However, for both models, the final vertical speed and displacement are suppressed to zero.

Fig. 17 shows the aircraft pitch angle and pitch rate response during the transition flight. During the first 45 s of transition flight, the 
aircraft operates like a quadcopter, i.e., the aircraft pitches down to gain the longitudinal force components generated from the thrust 
vector of all rotors. This induces forward acceleration, as shown in Fig. 15. At 45 s, the aircraft starts to pitch up to decelerate so that the 
level flight speed can be reached at the nominal/equilibrium speed of 68 m/s, in the meantime, the lateral speed and roll and yaw rates 
are held at zero. The rotor rotational speeds are shown in Fig. 18, where the rotors are grouped as “front” (blue), “mid” (black), and “rear” 
(red), according to Fig. 7. All rotor speeds track the trimmed solution accurately and converge to the aircraft’s level flight equilibrium 
solution. Again, we observe a larger discrepancy between the LPV models and the nonlinear model beyond 45 s.

Last but not the least, to study the impact of number of linearized models to control performance, a new LPV-based controller was 
designed following the same procedure but with 10 LTI models along the transition profile (10-degree gap from 90 down to 0 degree). 
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Fig. 17. Pitch rate and angle.

Fig. 18. Rotor rotational speed.

Fig. 19. Performance comparison of speed tracking and pitch angle.

The simulation is conducted based on the nonlinear rigid-body model, with the comparison of level flight speed tracking performance 
and pitch angle (see Fig. 19) The overall performance of the LPV model with increased number of linearized models is improved since it 
presents the original nonlinear model more accurately. The RMSE (root mean square error) of the speed tracking and pitch angle have been 
reduced from 3.66 to 1.57 and from 7.90 to 4.69, respectively. Note that the number of trimmed models used for LPV control design is 
related to how much memory used in the real-time controller, so it is desired to use minimal number of trimmed models with satisfactory 
performance. As discussed earlier, as the number of models increases, the closed-loop system performance improves. It is desired to select 
the smallest number of models when the performance no longer has significant improvement.

7. Conclusion

This paper presented an analytical approach for modeling aeromechanics and flight dynamics of tiltrotor eVTOL aircraft. Such hybrid 
vehicles have a fixed-wing platform configured with multiple tiltrotors on the wing members or fuselage. 6-DOF nonlinear rigid-body 
equations of motion were derived for the hybrid eVTOL aircraft, and the quaternions were used to describe the rigid-body kinematics. 2D 
potential flow-based aerodynamic loads were calculated over the lifting surfaces, the resultant lift and moment were then integrated into 
the complete vehicle’s flight dynamics. Only the steady loads were considered in the current study. For simplicity, the rotor aerodynamic 
thrust and resistant torque were predicted using the Momentum Theory. This formulation captures the essential characteristics of rotor 
kinematics, such as tilt angle and spin rate, on the overall vehicle response and results in a highly nonlinear dynamic model. A compre-
hensive trim analysis was conducted at multiple flight conditions of interest, in which special attention was paid to the transition flight. 
A state-space LPV model was developed by considering the rotor tilt angle as the scheduling parameter. Finally, an adaptive MPC con-
troller was designed based on the LPV models, and the closed-loop simulations demonstrated the effectiveness of the proposed transition 
flight control. A trade-off study between model accuracy and computational efficiency, as well as smooth switching of flight control laws 
with guaranteed performance, were identified as critically important for the stable operation of eVTOL vehicles. These subjects will be 
investigated in future research.
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