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ABSTRACT

This paper describes developing and simulating a Nonlinear Model Predictive Con-

troller (NMPC) for a tiltrotor urban air mobility (UAM) aircraft. The aircraft’s free flight is

governed by a set of nonlinear rigid-body dynamic equations, considering multiple tiltrotors

and their gyroscopic and inertial effects. The control variables include two push rotors’ spin

rates and the deflections of traditional control surfaces, including the elevator, aileron, and

rudder. The performance of the NMPC is compared with the Linear Quadratic Regulator

(LQR) and Model Predictive Controller (MPC) for vibration suppression during the level

flight. The NMPC and LQR can fully remove pitch angle oscillation and stabilize altitude in

approximately 15 s. The MPC, while still able to reduce the rigid body vibration cannot fully

remove the oscillation in 80 s. The NMPC and LQR are compared for lateral and longitu-

dinal trajectory path tracking, with the NMPC showing better performance in both cases
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due to its ability to take into account the nonlinear nature of the aircraft flight dynamics and

predict the vehicle’s future response when determining the best control inputs. Different

from the vibration control case, the nonlinear nature of the aircraft flight dynamics should

be accounted for by the controller design to properly track the ever-changing path refer-

ence, which is not the case for the LQR. While the NMPC has a higher computational cost,

it demonstrates much better control performance than the MPC and LQR.
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NOMENCLATURE

B Body coordinate frame

pG/B Aircraft mass center position with

respect to OB, m

vB Translational velocity vector, m/s

ωB Angular velocity vector, m/s

θB Rigid-body rotation angles,rad

MBB Inertia matrix

CBB Damping matrix

RB Aircraft load vector

Rgrav Gravity load

Riner Inertial loads

Rrate Induced moment due to tiltrotors

Rgyro Gyroscopic loads

Rext External loads

Ωζ Rigid-body angular velocities function

CGB Rotational matrix from the body to the

global frame

ϵ0 Nonlinear equilibrium solution

u0 Control input for equilibrium solution

x System states

u System control inputs

y System outputs

ϕ Roll angle, deg

θ Pitch angle, deg

ψ Yaw angle, deg

Φ Euler angle vector

mB Body mass, kg

IB Body moment of inertia, kg m2

mr Rotor mass, kg

Ier Rotor moment of inertia, kg m2

β Rigid-body velocity vector

ζ Quaternions vector

pG
B Inertial position vector of OB, m

δe, δa, δr Elevator, aileron and rudder

deflection, deg

Ξ Rotor tilt angle, deg

Γ Rotor spin angle, deg

A,B, C Continuous-time state space matrices

Ad, Bd, Cd Discrete-time state space matrices

dt Discretization time step

J Cost function

Q State weight matrix

R Input weight matrix

K LQR optimal gain matrix

P Riccati equation solution

xD Desired state vector

uD Desired input vector

x0 Nonlinear equilibrium condition states

u0 Nonlinear equilibrium condition inputs

x̃ Error state vector

ũ Error input vector

Kss LQR desired input matrix

p Prediction horizon

n Control horizon
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Uk Quadratic problem decision vector

p Prediction horizon

n Control horizon

r Output reference vector

wi Variable i NMPC weight

si Variable i NMPC scale factor

uj,target Target of the jth input

umin/max Input limits vector

∆umin/max Input rate limits vector
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INTRODUCTION

Recently, there has been a growing interest from industry and academia in urban air mobility

(UAM) vehicles. This is due to their potential to be the solution for urban transportation in the near

future. However, for UAM aircraft to truly become the future of aviation in urban areas, it is crucial

to make significant advancements in flight safety, controllability, and flight automation. Several

studies [1, 2, 3] highlight the need for these advancements to support the successful integration

of UAM vehicles into urban airspace.

A specific category of these aircraft comprises distributed electric propulsion (DEP) enabled

vertical takeoff/landing (VTOL) vehicles, commonly known as eVTOL vehicles [4]. These vehicles

typically employ a fixed-wing design with multiple tiltrotors to allow them to perform such vertical

takeoff and landing. In addition, the tilt and rotation capabilities of the rotors also serve as actua-

tors for the aircraft. This unique characteristic offers several advantages for UAM eVTOL vehicles,

including enhanced flight safety through control system redundancy, the potential for autonomous

or semi-autonomous flights, and improved navigation in complex urban environments while avoid-

ing obstacles [5]. However, these advancements introduce additional complexity to the design

of the flight controller, underscoring the necessity for further research on novel and more robust

control systems tailored for such applications.

Most published work on quadrotor [6, 7, 8, 9] and unmanned aerial vehicle (UAV) control

[10, 11, 12, 13] used simple models, focusing on amplifying controller robustness and efficiency.

For instance, the work by Baca et al. [14] utilized a linear model predictive controller to determine

the optimal states needed to follow the desired path, instead of the control input, and used a

nonlinear state-feedback controller to determine the input required to achieve such states. This

approach achieved a short computational time of 2 to 10 ms per iteration. However, the vehicle

model used in the study was relatively simple, with only attitude and thrust as states and the

four rotors’ thrust as input. While this methodology was successful for quadrotor unmanned aerial

vehicles (UAVs), it did not have the complexity required for eVTOLs. Furthermore, quadrotors have

the advantage of hovering in the air and flying backward if necessary. eVTOLs, while capable of

hovering using the tiltrotors, require a transition period for the rotor tilting before it can perform
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such actions, highlighting the need to consider the dynamics of the transition flight in the aircraft

model.

Bertoncini et al. [15] focused on studying the use of NMPC in fixed-wing UAVs, but they did not

take into account the tiltrotor aerodynamics. Additionally, their aircraft model only included the co-

ordinate position and Euler angles as states, along with the aircraft’s acceleration, rudder change

rate, and pitch change rate as control inputs. However, the authors made an important contribution

to developing control systems by integrating path-planning and cloud-detection algorithms.

Publications have recently been released on studying advanced controllers applied to more

representative aircraft. The research conducted by He and Su [16] explored the use of MPC

based on linear parameter-varying (LPV) models to suppress vibrations and alleviate gust loads

for highly flexible aircraft experiencing wind gusts. They linearized the system dynamic equations

and reduced them around various nonlinear equilibria to develop the reduced-order LPV models.

The system models were then chosen based on a selection parameter. The main innovation of

this work was the use of the magnitude of the first symmetric bending mode as the LPV scheduling

parameter, compared to using the gust-induced angle of attack at the wing root. Both parameter

selections were evaluated for gust alleviation when the flexible aircraft faced a uniformly applied

gust perturbation across the entire wing. The control input was the conventional trailing-edge flaps

on the main wings and tails. The simulation results demonstrated that the controller designed using

the modal magnitude as LPV parameter performed better in suppressing gusts when compared to

using the gust-induced angle of attack.

Qu et al. [17] also considered MPC based on LPV models, now applied for the hovering control

of a six-rotor electric vertical takeoff and landing (eVTOL) urban air mobility aircraft subjected to

motor failure. The aircraft model used in [17] is the same one presented in this paper. The models

were obtained by linearizing the nonlinear rigid body model under different failed rotor speeds.

The LPV scheduling parameter was a function of the failed rotor speed caused by available motor

peak power after failure. This parameter could capture and describe the status of the system in

the transition from healthy to failed propeller. The results showed that the designed adaptive MPC

controller could recover and maintain the aircraft at the desired stable condition after motor failure
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for all single motor failure cases. A better result was also observed when compared to the case

of using only MPC, showing that the integration of LPV into the controller was beneficial. While

this approach is effective for hovering control, it may be challenging for the linear controller to

handle situations where the aircraft significantly deviates from the equilibrium condition, such as

path tracking. This emphasizes the importance of the system’s nonlinearities in the model used

by the controller to predict future states.

The current study seeks to address the gap in the literature regarding the use of NMPC in

eVTOL flight control for vibration suppression and path tracking. The aircraft used in this study

is a complex hybrid eVTOL vehicle that features a fixed-wing aircraft configured with a six-tiltrotor

DEP system. The aircraft’s free flight motion is governed by a set of nonlinear rigid-body dynamic

equations considering multiple tiltrotors and their gyroscopic and inertial effects, including the ef-

fect of tilting motion. Each rotor tilt angle and spin rate is available as an independent control input,

in addition to the traditional aileron, elevator, and rudder inputs. The states consist of the three

directional translation and rotational velocities, aircraft orientation quaternions, and the aircraft

coordinates in space.

Moreover, the NMPC is a highly capable nonlinear controller that predicts future aircraft states

and uses the prediction to determine the optimal input sequence to achieve the desired trajectory

tracking and vibration control. The NMPC is compared to a Model Predictive Controller and a feed-

back Linear-Quadratic Regulator (LQR) in three simulation cases, including vibration suppression,

lateral trajectory path tracking, and longitudinal trajectory path tracking.

This paper is organized as follows. Section 1 summarizes the nonlinear dynamic model for

tiltrotor aircraft, including the system linearization, followed by the LQR, MPC, and NMPC formu-

lations in Sect. 2. Section 3 presents LQR, MPC, and NMPC results for the simulation cases

mentioned above. Finally, conclusions and future works are summarized in Sect. 4.

1 FLIGHT DYNAMIC FORMULATIONS

In this study, a hybrid UAM aircraft configured with a fixed wing and tiltrotors is considered

(see Fig. 1). This paper briefly describes the flight dynamic equations of such a class of tiltrotor
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vehicles, while a detailed derivation of the formulation can be found in Ref. [18].

dmB

G

Bx

By

Bz

Gx

GyGz pB

pm/B

vB

ωB

pG/B

OG

OB

Fig. 1: Global and body reference frames of a rigid-body tiltrotor aircraft (connections between
rotors and aircraft are not shown)

1.1 Nonlinear Flight Dynamic Formulation

First, a body-fixed frame B is defined with respect to the inertial frame G to describe the

vehicle’s position and orientation, with Bx pointing to the right wing, By pointing forward, and

Bz completing the right-hand rule. While the B frame can be arbitrarily placed, it is convenient

to set the frame’s origin OB within the vehicle’s symmetric plane. The inertial position of OB is

represented by pB, while pG/B describes the position of the mass center of the fixed-wing aircraft

(excluding the tiltrotors) with respect to the B frame. The aircraft’s rigid-body velocity is given by

β =

vB

ωB

 =

ṗB + ωB × pB

θ̇B

 (1)

By following the Hamilton’s principle, the governing equation of motion is obtained, given by

MBB(Ξ)β̇ +CBB(β,Ξ)β = RB (2)
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where the inertia matrix MBB is dependent on the tilt angles Ξ of the rotors, while the damping

matrix CBB is dependent on both β and Ξ. The load vector RB is the summation of the loads about

the B frame origin, including the contributions of gravity load Rgrav, inertial load Riner, induced

moment due to tiltrotors Rrate, gyroscopic load Rgyro, and external load Rext, such as propulsive

and aerodynamic loads, i.e.,

RB = Rgrav +Riner +Rrate +Rgyro +Rext (3)

Details of these loads are found in Ref. [18]. In addition, the B frame’s orientation is described by

the quaternions ζ, governed by

ζ̇ = −1

2
Ωζ(ωB)ζ (4)

where Ωζ is a function of the rigid-body angular velocities ωB, given by

Ωζ(ωB) =



0 ωB(1) ωB(2) ωB(3)

−ωB(1) 0 −ωB(3) ωB(2)

−ωB(2) ωB(3) 0 −ωB(1)

−ωB(3) −ωB(2) ωB(1) 0


. (5)

Lastly, the inertial position of the B frame can be calculated by

ṗG
B = CGBvB =

[
CGB 03

]
β (6)

where CGB is the rotational transformation matrix from the body to the global frame. The com-

bination of Eqs. (2), (4), and (6) completes the nonlinear flight dynamic formulation of the tiltrotor
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UAM aircraft. Those equations can be transformed to

β̇ = M−1
BB

(
−CBB(β,Ξ)β +RB(β, β̇, ζ, δe, δa, δr,Ξ, Ξ̇, Ξ̈, Γ̇, Γ̈)

)
ζ̇ = −1

2
Ωζ(β)ζ

ṗG
B =

[
CGB 03

]
β

(7)

where δe, δa and δr are the elevator, aileron, and rudder deflections, Ξ is the vector containing

the rotor’s tilt angles, and Γ is the vector of spin kinematics of the rotors. Therefore, the nonlinear

system state and control input vectors are defined as follows,

xT =

{
βT β̇T ζT ζ̇T

(
pG
B

)T (
ṗG
B

)T}
uT =

{
δe δa δr Ξ

T Ξ̇T Ξ̈T Γ̇T Γ̈T

} (8)

As a post-processing, the Euler angles can be calculated from the quaternions. By keeping

the convention of the Euler angles defined in the north-east-down (NED) frame for flight dynamics,

the yaw angle ψ is defined as rotation about negative Bz-axis, the pitch angle θ is defined as

rotation about Bx-axis, and the roll angle φ is defined as rotation about By-axis. Therefore, the

Euler angles are given by

φ = tan−1 2 (ζ1ζ2 − ζ0ζ3)

1− 2
(
ζ20 + ζ21

)
θ = sin−1 [−2 (ζ1ζ3 + ζ0ζ2)]

ψ = tan−1 2 (ζ0ζ1 − ζ2ζ3)

1− 2
(
ζ21 + ζ22

)
(9)
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which can be simply noted as

Φ =

{
φ θ ψ

}T

= Φ(ζ) . (10)

Additionally, the system output y can be selected as a combination of system states and Euler

angles, with the full form given by

yT =

{
βT ΦT

(
pG
B

)T} (11)

1.2 Linearized Flight Dynamic Formulation

The trim solutions, either for level flight or vertical takeoff, were introduced in Ref. [18], which

provide the steady-state solutions of the nonlinear equation set presented in the previous section.

In general, one can take the Taylor’s expansion on the nonlinear governing equations with respect

to an equilibrium ϵ0 with control input u0, where ϵ0 and u0 follow the presented in Eq. (8). After the

Taylor’s expansion, the equations of motion can be organized, leading to the linearized equations

of motion [18], which is further written into the state-space form, given by

∆ẋ = A∆x+B∆u

∆y = C∆x

(12)

The state, input, and output are small perturbations in relation to the nonlinear equilibrium. With

the symbol ∆ omitted, the system states and inputs are

xT =

{
βT ζT

(
pG
B

)T}
uT =

{
δe δa δr Ξ

T Ξ̇T Ξ̈T Γ̇T Γ̈T

} (13)

11
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The matrix C of Eq. (12) is selected according to the output vector to be tracked by the controller.

If the full state vector is to be tracked, then C = I13×13.

Consider the forward Euler discretization equation

ẋ ≈ 1

dt
(xk+1 − xk) (14)

The state-space of Eq. (12) can then be discretized as follows

Ad = I+Adt

Bd = Bdt

(15)

where dt is the discretization time step and I is an identity matrix with same dimension as A. This

results in the discrete system below with the ∆ omitted

xk+1 = Adxk +Bduk

yk+1 = Cxk .

(16)

2 CONTROL DEVELOPMENT

2.1 Linear-Quadratic Regulator

To derive state tracking dynamics, a set point control algorithm is formulated [19]. This formu-

lation introduces the state and input error variables, given by

x̃k = xk − xD,k

ũk = uk − uD,k .

(17)
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By substituting (17) into Eq. (16), a new state-space system is obtained with the error variables as

state and input vectors and feedback control law ũk = −Kx̃k, i.e.,

x̃k+1 = Adx̃k +Bdũk . (18)

The infinite-horizon, discrete-time Linear-Quadratic Regulator (LQR) aims to minimize the

quadratic cost function

J(u) =

∞∑
k=0

(
x̃T
kQLx̃k + ũT

kRLũk

)
(19)

where QL and RL are the states and control input weight matrices for the LQR [20, 21]. The

cross-term weight matrix is assumed to be zero and, therefore, omitted from the cost function. In

this work, matrices QL and RL are assumed to be diagonal matrices with QL,i and RL,i as their

diagonal terms.

Hence, the desired input uD,k is obtained by solving [21]

uD,k = KssxD,k

Kss = −
(
R+BT

dPBd

)−1
BT

dPAd .

(20)

Substitute the new feedback control law and Eq. (17) into Eq. (18). The new closed-loop

system is then obtained, i.e.,

xk+1 = (Ad −BdK)xk − (Ad −BdK)xD,k . (21)

This state-space system has the same states as Eq. (12). However, the control input is now the

13
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desired state vector xD,k. The feedback control can also be rewritten to the form

uk = uD,k −K (xk − xD,k) (22)

As mentioned in Sect. 1.2, the linear aircraft model’s states and inputs are small perturbations

around the nonlinear equilibrium condition. Therefore, the LQR must follow the same convention,

resulting in the final LQR formulation, given by

xk+1 = (Ad −BdK) (xk − x0)− (Ad −BdK) (xD,k − x0)

uk+1 − u0 = (uD,k − u0)−K (xk − xD,k)

(23)

where x0, and u0 are the states and inputs of the nonlinear equilibrium condition.

2.2 Nonlinear Model Predictive Controller

The nonlinear model predictive controller (NMPC) looks ahead by p steps to predict the dy-

namic system responses in the future (predicted output in Fig. 2). It then calculates the best

sequence of control inputs u from the current time to time tn = t + n × dt to achieve the clos-

est match between the system output and the desired output reference (predicted control input in

Fig. 2) [22]. Here, p is the prediction horizon, and n is the control horizon. Figure 2 illustrates the

NMPC control and prediction horizon. At each time step, the controller predicts the future system

output and solves an optimization problem to determine the control input, using only the initial

input vector (orange line). This procedure is then repeated in the next time step. This approach

significantly enhances controller robustness, although it does come with the trade-off of increased

computational cost.

In this study, the NMPC is designed using the MATLAB function nlmpc from the Model Pre-

dictive Control Toolbox [23]. The function nlmpcmove allows for solving the quadratic problem in

each time step. The cost function of the quadratic problem behind the NMPC MATLAB toolbox

14
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Reference trajectory
Control output
Past control input
Predicted output
Predicted control input

tk tk + n tk + ptk + 1

FuturePast

... ...tk + 2

yk

uk

y, u

tdt

tk - 1
...

Fig. 2: NMPC control and prediction horizon

[24] has the form presented in

J(Uk) = Jy(Uk) + Ju(Uk) + J∆u(Uk) (24)

where Uk is the quadratic problem decision defined by

UT
k =

{
uT (k|k) uT (k + 1|k) . . . uT (k + p− 1|k)

}
(25)

The UT
k vector contains the inputs vectors uT (k+i−1|k) calculated in the current control interval k

for the ith prediction horizon step, where i ranges from 1 to the prediction horizon p defined during

the controller design.

The output reference tracking term Jy given by

Jy(Uk) =

ny∑
j=1

p∑
i=1

{
wy
i,j

syj
[rj(k + i|k)− yj(k + i|k)]

}2

(26)

relates the jth output reference rj(k + i|k) to the jth output yj(k + i|k), both referent to the ith

15
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prediction horizon calculated at the current control interval k. The minimization of this term can

be tuned by adjusting the weight for jth plant output at the ith prediction horizon step wy
i,j and the

scale factor of the jth output syj . The cost function term Ju allows for tracking the input variable,

given by

Ju(Uk) =

nu∑
j=1

p−1∑
i=0

{
wu
i,j

suj

[
uj(k + i|k)− uj,target(k + i|k)

]}2

(27)

where uj,target is the target value for the jth input. wu
i,j and suj are the weight and the scale factor of

the jth input. The third term of the cost function is given by

J∆u(Uk) =

nu∑
j=1

p−1∑
i=0

{
w∆u
i,j

suj
[uj(k + i|k)− uj(k + i− 1|k)]

}2

(28)

which considers the input move suppression during the optimization process.

The NMPC is tuned for each case studied by adjusting the output and input weights. Those

are considered constant throughout the prediction and control horizons and therefore have the

new form wy
j and wu

j for the jth output and jth input weights. All the scale factors mentioned are

kept at their default value of 1. The input movement weights w∆u
i,j are also kept at their default

values of 0.1. While the NMPC formulation allows for output constraints, only input and input rate

hard constraints are used in this work, i.e.,

uj,min(i) ≤ uj(k + i− 1|k) ≤ uj,max(i)

∆uj,min(i) ≤ ∆uj(k + i− 1|k) ≤ ∆uj,max(i)

(29)

The scale factors were omitted from Eq. (31) since they were kept as units. In addition, uncertain-

ties are neglected in the current work. In other words, the sensor data is assumed to be perfect

reading without the noise usually present in practice. Note that, the stability and performance anal-
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ysis of NMPC have been well studied in litetura [25, 26]. The effectiveness of the NMPC controller,

combined with uncertainties, is recommended for future work.

2.3 Model Predictive Controller

Similar to NMPC, Model Predictive Control (MPC) also takes into account the predicted future

system responses to determine the optimal system input (see Fig. 2). In this case, the prediction

horizon p is equal to the control horizon n. However, unlike NMPC, MPC uses the linear system

in its discrete-time form presented in Eq.(16). Therefore, the cost function to be minimized for the

LQR-based MPC is given by

J(Uk) = yT
nQfyn +

n−1∑
k=0

(
yT
k QMyk + uT

kRMuk

)
(30)

where Qf is the terminal weighting matrix assumed to be an identity matrix, and QM and RM are

the states and control input weight matrices for the MPC [27]. The weight matrices are assumed

to be diagonal matrices, similar to the LQR. Uk represents the control input sequence up to the

control horizon, which is to be obtained from the problem minimization (see Eq. (25)).

In addition, the inputs are also subject to the hard constraints

umin ≤ u(tk) ≤ umax

∆umin ≤ u(tk+1)− u(tk) ≤ ∆umax

(31)

where u(k) is the control input vector at time tk. An infeasible problem can occur when the con-

troller cannot satisfy the optimization problem constraints. This means that it is mathematically

impossible to meet the hard constraints while following the steady-state system equation of (16).

Infeasibility may be due to an over-constrained system or a significant system disturbance, which

can render the MPC unable to effectively control the dynamic system.

17
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3 NUMERICAL STUDIES

This study focuses on the NMPC control of a UAM aircraft with six tiltrotors, as shown in Fig. 3.

The aircraft’s inertial and aerodynamic properties are listed in Tables 1 and 2, respectively. The

rigid propeller pylon length is assumed to be 1m. A comprehensive trim analysis at multiple flight

conditions and the validation of the rotor tilt transition flight were investigated in a previous study

(Ref. [18]) and will not be discussed here. The results showed that the aircraft model studied is

stable and the formulation can capture the essential characteristics of rotor kinematics, such as tilt

angle and spin rate, on the overall vehicle response.

5.3 m
11 m

5.
3 

m

12

34

6 54.
71

 m
0.

45
12

5 
m

3.51 m

Fig. 3: Tiltrotor UAM aircraft geometry and rotor positions

The vehicle is first brought to a trimmed flight condition with a level flight speed of 68m/s and

an altitude of 304.8m due North. This corresponds to a tip Mach number of 0.2 and a wing tip unit

Reynolds number of 3.8×106 m−1. The chosen configuration has a lower flight speed and altitude

than what is proposed in the literature for a similar class of airplane [28, 29]. In [28], an eVTOL

UAM aircraft operated at flight speeds of 168m/s and a cruise altitude of 3000m above sea level,

resulting in a tip Mach of 0.48 and a tip unit Reynolds number of 8.99 × 106 m−1. The reduced

speed and altitude are selected in this work to consider the critical case of flying in a city setting

closer to buildings and other obstacles. While obstacle avoidance is not considered herein, the

flight condition is set to allow for its integration in the future. The NMPC will be evaluated in three
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Table 1: Inertial properties of UAM aircraft.

Inertial Property Value Unit

Body mass, mB 2,240.73 kg

Body moment of inertia, IB,xx 12,000 kg m2

Body moment of inertia, IB,yy 9,400 kg m2

Body moment of inertia, IB,zz 20,000 kg m2

Rotor mass, mr 4.55 kg

Rotor moment of inertia, Ier,xx 3.5 kg m2

Rotor moment of inertia, Ier,yy 7.0 kg m2

Rotor moment of inertia, Ier,zz 3.5 kg m2

Table 2: Aerodynamic properties of UAM aircraft.

Aerodynamic Property Wing Tail

Airfoil NACA 0012 NACA 0012

Ref. axis location * 25% 25%

Span, m 13.72 6.90

Sweep angle, deg -2.306 0

Dihedral angle, deg 0 0

Chord (root/tip), m 2.075/0.970 1.080/1.080

Incidence angle, deg ** 3.1598 1.0626

* From leading-edge

** Incident angle with no twist

cases:

Vibration suppression (Sect. 3.1)

Lateral trajectory path tracking (Sect. 3.2)

Longitudinal trajectory path tracking (Sect. 3.3)

The NMPC is compared to the LQR for all three cases. The MPC is used to compare the

vibration suppression analysis. During the level flight, rotors 3 and 4 remain in the forward position,
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Table 3: Case ID and descriptions for vibration suppression and path tracking

Case ID Description

O-VIB Open loop - vibration suppression

L-VIB LQR - vibration suppression

M-VIB MPC - vibration suppression

N-VIB NMPC - vibration suppression

O-VIB-30 Open loop - vibration suppression with 30% of elevator excitation

M-VIB-30 MPC - vibration suppression with 30% of elevator excitation

L-LAT LQR - lateral trajectory path tracking

N-LAT NMPC - lateral trajectory path tracking

L-LON LQR - longitudinal trajectory path tracking

N-LON NMPC - longitudinal trajectory path tracking

working as push rotors, with their spin rates as control inputs to generate the required thrust. The

other rotors are turned off and are not used as input by the controllers. Therefore, the control input

vector is reduced to

uT =

{
δe δa δr Γ̇3 Γ̇4

}
(32)

for both the nonlinear and linear models, where Γ̇3 and Γ̇4 are the spin rates of rotors 3 and 4,

respectively. The system states are kept the same as Eq. (13).

A case ID will be used to identify the simulations cases, following the naming convention “1-2-

3” where “1” means open-loop (O), LQR (L), MPC (M), or NMPC (N) results. “2” informs on the

nature of the simulation with VIB for vibration suppression, LAT for lateral path tracking and LON

for longitudinal path tracking, and “3” provides addition information, when applicable. A description

of the simulation cases and IDs is presented in Table 3 and the open loop and controllers settings

are summarised in Appendix 4.
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3.1 Vibration Suppression

The NMPC output vector y is

yT =

{
ϕ θ ψ pGB,x p

G
B,z

}
(33)

where ϕ, θ, and ψ are the roll, pitch, and yaw angles in degrees, and pGB,x and pGB,z are the B

frame inertial position in the lateral and vertical directions, respectively, measured in meters. For

the LQR and MPC, the system output is given by

yT =

{
βT ϕ θ ψ pGB,x p

G
B,z

}
(34)

The phugoid mode of the aircraft is excited by an elevator input in degrees, given by

δe =



δe,0 t < 0.01 s

δe,0 + 2

[
1− cos

(
2

5
π (t− 0.01)

)]
0.01 s ≤ t ≤ 5.01 s

δe,0 t > 5.01 s

(35)

The resulting open-loop longitudinal behavior of the aircraft can be observed in Fig. 4 (see the

green dashed lines). In the closed-loop simulations, the controllers (LQR, MPC, or NMPC) are

engaged since t = 5.01 s, which is marked by a vertical dotted line in the figures. All inputs and

system responses before t = 5.01 s are identical for all cases, with and without controllers. The

controllers are tasked with suppressing the phugoid mode vibration by returning the output y to its

initial trimmed flight condition y0.

The weight matrices Q and R for the LQR and MPC are provided in Table 4. Both are sim-

ulated using a time step of 0.01 s. Meanwhile, the NMPC uses a time step of 0.1 s. As for the

optimization problem solver, both the MPC and NMPC utilize fmincon, a solver in MATLAB’s Op-
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Fig. 4: Pitch angle and altitude responses during vibration suppression simulation
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Fig. 5: Elevator deflection and spin rate inputs for vibration suppression

timization Toolbox used to find the minimum of a constrained scalar function of multiple variables.

The input and output weights for the NMPC can be found in the Appendix.

Figures 5 show the open loop, LQR, MPC, and NMPC inputs for the vibration suppression

case. Since the vibration is longitudinal, the aileron and rudder control surfaces are not actuated.

For the same reason, only the pitch angle and altitude are presented (refer to Fig. 4). The elevator

deflection is presented in Fig. 5 only up to 16 s to allow for observation of the δe input in detail.

After 16 s of simulation, both LQR and NMPC elevator inputs remain constant, while MPC elevator

input shows low-frequency oscillation. Figure 4 shows that the NMPC can nearly instantly return
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Table 4: Parameter of LQR and MPC for the vibration suppression simulation case.

Controller Property Value

LQR

Q1 to Q7, Q9 to Q10 1

Q8 and Q11 0.01

R1 500

R2 to R5 1

MPC

Q1 to Q7, Q9 to Q11 1

Q8 150

R1 to R5 1

the pitch angle to its initial condition with minimal overshooting. The altitude gradually returns to a

constant value, stabilizing at 300m of altitude at approximately 60 s of simulation. While a stable

altitude is obtained, it is 2m below target value. The LQR, on the other hand, returns both outputs

to their desired initial condition in approximately 15 s after the controller is activated. The LQR

takes advantage of the spin rates inputs, while the NMPC keeps these inputs constant.

Although the MPC was able to reduce the phugoid mode vibration compared to the open-

loop response, it was unable to fully remove the rigid body oscillation during the 80 s simulation.

Varying the QM and RM MPC weight matrices diagonal values, changing the simulation time-step,

or adjusting the MPC prediction horizon caused the MPC to be infeasible in most combinations,

showing that the window at which the MPC is feasible for this system with this level of system

disturbance is relatively small. The MPC was tested with a reduced excitation scenario, where

the elevator input is set to 30% of the elevator input in Eq. (34). The controller settings in Table 4

were used for this test. Figures 6 and 7 show the comparison between the system response and

inputs for both the open-loop and MPC cases. When the system excitation is lower, the MPC is

able to bring the system response closer to a constant value. However, even with only 30% of the

excitation, the oscillation was not eliminated during the simulation.

In summary, both LQR and NMPC are viable for vibration suppression. On the other hand, the

MPC formulation used was proven unsuitable for this application when the system is subjected

to higher excitation. Therefore, the MPC will be omitted from the path tracking cases, which are

23



Insert ASME Journal Title in the Header Here

0 20 40 60 80
Time, s

-5

0

5
P

itc
h 

an
gl

e,
 d

eg

O-VIB-30
M-VIB-30

0 20 40 60 80
Time, s

280

290

300

310

320

330

A
lti

tu
de

, m

O-VIB-30
M-VIB-30

Fig. 6: Pitch angle and altitude responses during vibration suppression simulation with 30% of
elevator excitation

0 20 40 60 80
Time, s

-1

-0.5

0

0.5

1

1.5

E
le

va
to

r 
de

fle
ct

io
n,

 d
eg

O-VIB-30
M-VIB-30

0 20 40 60 80

Time, s

-2300

-2299.8

-2299.6

-2299.4
R

t. 
3 

sp
in

 r
at

e,
 d

eg
/s

0 20 40 60 80
Time, s

2299.4

2299.6

2299.8

2300

R
t. 

4 
sp

in
 r

at
e,

 d
eg

/s

O-VIB-30 M-VIB-30

Fig. 7: Elevator deflection and spin rate inputs for vibration suppression with 30% of elevator
excitation

expected to be more challenging scenarios.

3.2 Lateral Trajectory Path Tracking

For lateral path tracking, the north-wise aircraft position pGB,y (in meters) is added to the system

outputs, resulting in

yT =

{
ϕ θ ψ pGB,x p

G
B,y p

G
B,z

}
(36)
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Table 5: LQR setting for the lateral trajectory simulation case.

Property Value

Q1 to Q6 0

Q7,Q8, Q10 to Q12 1

Q9 100

R1 100

R2 to R5 50
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Fig. 8: Aircraft lateral trajectory for LQR and NMPC

for the NMPC, and the vector of Eq. (34) with pGB,y for the LQR. This case is simulated for 70 s,

and the NMPC input target is the initial input condition. The lateral curve consists of a level flight

with flight speed due north for 2 s, followed by a curve to the right in the horizontal plane until a

yaw angle of 90° is achieved. Then, a second level flight with speed due east is tracked for the

remaining simulation of 4 s. The reference output yref is defined by Eqs. (37) to (40). The time

intervals for each stage of the curve are arbitrarily selected while ensuring a gradual curve to the

right with time enough for the controller to achieve stable flight conditions. The output x and y

coordinate reference curves are defined by running the open-loop simulation of the aircraft when

following the desired Euler angle outputs. The reference pitch angle θref and altitude
(
pGB,z

)
ref

are

kept the same as the trimmed flight condition.

The Q and R matrices for the LQR controller are shown in Table 5, and the NMPC input and
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Fig. 9: Roll and yaw angle responses to lateral trajectory tracking
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Fig. 10: Aileron, rudder deflection and spin rate inputs for lateral trajectory tracking

output weights are presented in the Appendix. Both controllers are simulated using a time step

of 0.01 s. Figures 8 and 9 present the flight trajectory and Euler angles responses. The X (cross)

in the LQR curve highlights the point at which the aircraft contacts the ground (see the altitude

of zero in Fig. 8). The aileron deflection, rudder deflection, and rotor spin rates (Fig. 10) are the

control inputs involved in this lateral flight.

The NMPC presents a smaller control cost with maximum aileron and rudder deflection mag-

nitudes of 1.37° and 0.47°, respectively. The tiltrotor spin rates are approximately constant for the

NMPC. On the other hand, the LQR reaches a maximum aileron and rudder deflection magnitude
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of 28.76° and 100.58°, respectively. A high magnitude is also observed for the tiltrotor spin rates.

Even with such a high control cost, the LQR is unable to track the output references of the roll and

yaw angles (Fig. 9). That is expected since the LQR uses the linear UAM aircraft system. As the

system deviates further from the steady state, the linear model accuracy in approximating the non-

linear aircraft dynamic declines. The results show that the NMPC can accurately track the lateral

path with minor deviation in altitude, which is quickly recovered back to the desired value, while

the LQR is unable to do so, showing a large drop in altitude resulting in the crash at approximately

10 s of simulation (Fig. 9).

ϕref =



ϕ0° t < 2 s

2.5t− 5° 2 s ≤ t < 6 s

10° 6 s ≤ t < 62 s

−2.5t− 165° 62 s ≤ t < 66 s

ϕ0° t ≥ 66 s

(37)

ψref =



ψ0° t < 2 s

0.24t2 − 1.22t+ 1.45° 2 s ≤ t < 6 s

1.44t− 5.87° 6 s ≤ t < 62 s

−0.23t2 + 31.53t− 982.54° 62 s ≤ t < 66 s

90° t ≥ 66 s

(38)

27



Insert ASME Journal Title in the Header Here

(
pGB,x

)
ref

=



(
pGB,x

)
0

m t < 2 s

−3.55× 10−5t4 + 6.98× 10−5t3 + 0.88t2 − 7.13t+ 14.71m 2 s ≤ t < 66 s

69t− 1.84× 103m t ≥ 66 s

(39)

(
pGB,y

)
ref

=


68tm t < 2 s

3.3× 10−5t4 − 9.67× 10−3t3 + 0.17t2 + 66.77t+ 3.06m 2 s ≤ t < 66 s

2995m t ≥ 66 s

(40)

3.3 Longitudinal Trajectory Tracking

The simulation for longitudinal trajectory tracking takes the same output vector of Eq. (33), with

a simulation duration of 180 s. The trajectory to be tracked consists of a level flight with a speed

of 68m/s due north at the altitude of 304.8m up to 5 s of simulation. That is followed by a 2.54m/s

linear climb path up to 150 s of simulation. Thereafter, a different level flight starts at an altitude of

673.1m. This climb rate is in accordance with the literature for eVTOL aircraft [30]. The reference

curves for the pitch angle and vertical inertial position are given by

θref =


θ0° t < 5 s

θclimb° 5 s ≤ t < 150 s

θ0° t ≥ 150 s

(41)
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Table 6: LQR setting for the longitudinal trajectory simulation case.

Property Value

Q1 to Q7, Q8 to Q11 1

Q8 100

Q12 50

R1 104

R2 to R5 10

(
pGB,z

)
ref

=



(
pGB,z

)
0

m t < 5 s(
pGB,z

)
0
+ 2.54× (t− 5)m 5 s ≤ t < 150 s

673.1m t ≥ 150 s

(42)

The roll angle, yaw angle, and east-wise positions
(
pGB,x

)
ref

references are kept constant at 0 since

this is a purely longitudinal flight path. The NMPC input target is the initial input condition u0 during

level flight and the trimmed climb condition uclimb during the climb. The Q and R matrices for the

LQR controller are provided in Table 6, while the NMPC input and output weights can be found in

the Appendix. Both controllers are simulated using a time step of 0.01 s.

The control inputs of main importance in the longitudinal path case are the elevator deflection

and tiltrotors spin rate (Fig. 11). Similarly to the previous 2 cases, the LQR showed higher control

cost, reaching spin rate magnitudes of up to 8000 °/s. Even with such high control inputs, the

LQR cannot track the reference pitch angle, showing some deviation from the desired flight path

(Fig. 12). An initial vertical position drop in the first 8 s of flight leads to a deviation of altitude

and north-wise position, which is not recovered by the end of the simulation. On the other hand,

the NMPC shows excellent path tracking (Fig. 12) while requiring lower control input magnitudes

(Fig. 11). The NMPC shows small overshooting following the transition from level flight to climb.

A maximum pitch angle deviation from the reference of ± 0.7° is observed. Consequently, the
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Fig. 11: Elevator deflection and rotor spin rate to longitudinal trajectory tracking
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Fig. 12: Pitch angle and aircraft longitudinal trajectory for LQR and NMPC

vertical position has a deviation of up to ± 8m following the flight transition.

4 CONCLUSIONS

This paper presented the implementation of a Nonlinear Model Predictive Controller (NMPC)

for an urban air mobility (UAM) aircraft. The NMPC was tested for suppression of the excited

phugoid vibration mode, lateral trajectory tracking, and longitudinal trajectory tracking. The re-

sults were compared with a Linear-Quadratic Regular (LQR) modified to allow for state tracking

and reduce control overshooting, and with an LQR-based Model Predictive Controller (MPC). The
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results showed that the NMPC and LQR had similar control effectiveness in the vibration sup-

pression case, while the MPC was ineffective in removing the rigid body oscillation after 80 s of

simulation. Even for the case with system excitation 70% lower, the MPC was still unable to fully

remove the system oscillation, proving the proposed formulation to be unfeasible for this applica-

tion. When comparing the NMPC and LQR for path tracking, the NMPC was more effective than

the LQR because the latter uses the linearized version of the nonlinear tiltrotor aircraft dynamic

model, which becomes increasingly inaccurate as the system gets further away from the initial

steady-state condition.

In conclusion, this study has shown that NMPC is suitable for suppressing vibrations and

tracking the path of eVTOL aircraft. However, the high computational cost of NMPC remains a

challenge, preventing real-time use of this controller during flight. Currently, it takes 8h to compute

a 60 s flight simulation, highlighting the need for further research on computational optimization.

Neural Network-based NMPC has the potential to significantly reduce computational time, and

such an approach is currently under investigation for future work. Additionally, the assessment of

NMPC for controlling eVTOL in the event of control input failure during flight, and for flight control

under gust excitation, are also under investigation for future work.
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APPENDIX A: CONTROLLERS SETTINGS

The tables presented in this Appendix include the summary of the open loop and controller

settings for each simulation case presented. The case ID follows the naming convention “1-2-3”,

where:

– 1: open-loop (O), LQR (L), MPC (M) or NMPC (N) simulations;

– 2: Vibration or trajectory type: VIB for vibration suppression, LAT for lateral path tracking, LON

for longitudinal path tracking;

– 3: addition information, when applicable.

Below is a list of all parameters included in the tables and its meaning.

– Description: description of simulation case

– Tiltrotor initial angle: 90° for upwards

tf : length of simulation in seconds

– dt: simulation time step in seconds

– Input vector: applicable for NMPC. Open-loop uses all system inputs

– p: NMPC prediction horizon

– n: NMPC control horizon

– Output weight ωy: weights for each y variable before and after control failure

– Output weight ωu: weights for each u variable before and after control failure

– ±ulim: upper and lower limits for NMPC inputs

– ±∆ulim: upper and lower limits for NMPC input rate
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Table 7: Setting for Vibration Suppression and Path Tracking Analysis

Case ID Description Rotor initial angle, deg tf , s dt, s Output vector y Input vector u p n Output weight ωy Input weight ωu ±ulim ±∆ulim

O-VIB Open loop results for vibration suppression. {90, 90, 0, 0, 90, 90} 80 0.01 {ϕ, θ, ψ, pGB,x, p
G
B,z} Eq. 8 - - - - - -

O-VIB-30 Open loop results for vibration suppression with 30% of ele-
vator excitation.

{90, 90, 0, 0, 90, 90} 80 0.01 {ϕ, θ, ψ, pGB,x, p
G
B,z} Eq. 8 - - - - - -

L-VIB LQR results for vibration suppression. {90, 90, 0, 0, 90, 90} 80 0.01 {β, ϕ, θ, ψ, pGB,x, p
G
B,z} {δe, δa, δr, Γ̇3:4} - - - - - -

L-LAT LQR results for lateral trajectory path tracking. {90, 90, 0, 0, 90, 90} 70 0.01 {β, ϕ, θ, ψ, pGB,x, p
G
B,y, p

G
B,z} {δe, δa, δr, Γ̇3:4} - - - - - -

L-LON LQR results for longitudinal trajectory path tracking. {90, 90, 0, 0, 90, 90} 180 0.01 {β, ϕ, θ, ψ, pGB,x, p
G
B,y, p

G
B,z} {δe, δa, δr, Γ̇3:4} - - - - - -

M-VIB MPC results for vibration suppression. {90, 90, 0, 0, 90, 90} 80 0.01 {β, ϕ, θ, ψ, pGB,x, p
G
B,z} {δe, δa, δr, Γ̇3:4} 10 - - - {25, 25, 25, 100, 100} {5, 5, 5, 100, 100}

M-VIB-30 MPC results for vibration suppression with 30% of elevator
excitation.

{90, 90, 0, 0, 90, 90} 80 0.01 {β, ϕ, θ, ψ, pGB,x, p
G
B,z} {δe, δa, δr, Γ̇3:4} 10 - - - {25, 25, 25, 100, 100} {5, 5, 5, 100, 100}

N-VIB NMPC results for vibration suppression. {90, 90, 0, 0, 90, 90} 80 0.1 {ϕ, θ, ψ, pGB,x, p
G
B,z} {δe, δa, δr, Γ̇3:4} 10 1 {0.5, 5, 0.5, 0.5, 2} {0.1, 1, 1, 1.5, 1.5} {25, 25, 25, Inf, Inf} {5, 5, 5, Inf, Inf}

N-LAT NMPC results for lateral trajectory path tracking. {90, 90, 0, 0, 90, 90} 70 0.01 {ϕ, θ, ψ, pGB,x, p
G
B,y, p

G
B,z} {δe, δa, δr, Γ̇3:4} 5 2 {5, 0.5, 1, 1, 1, 0.5} {0.2, 0.2, 0.2, 0.2, 0.2} {25, 25, 25, Inf, Inf} {5, 5, 5, Inf, Inf}

N-LON NMPC results for longitudinal trajectory path tracking. {90, 90, 0, 0, 90, 90} 180 0.01 {ϕ, θ, ψ, pGB,x, p
G
B,z} {δe, δa, δr, Γ̇3:4} 5 4 {0.5, 5, 0.5, 0.5, 1} {2, 0.2, 0.2, 0.2, 0.2} {25, 25, 25, 3500, 3500} {5, 5, 5, 3500, 3500}
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